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Abstract

This article is devoted to the analysis of semilinear, parabolic, Stochastic Partial Differential
Equations, with slow and fast time scales. Asymptotically, an averaging principle holds: the slow
component converges to the solution of another semilinear, parabolic, SPDE, where the nonlinearity
is averaged with respect to the invariant distribution of the fast process.

We exhibit orders of convergence, in both strong and weak senses, in two relevant situations,
depending on the spatial regularity of the fast process and on the covariance of the Wiener noise in
the slow equation. In a very regular case, strong and weak orders are equal to % and 1. In a less regular
case, the weak order is also twice the strong order.

This study extends previous results concerning weak rates of convergence, where either no stochastic
forcing term was included in the slow equation, or the covariance of the noise was extremely regular.

An efficient numerical scheme, based on Heterogeneous Multiscale Methods, is briefly discussed.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction

Systems with multiple time scales, and possibly stochastic forcing terms, appear in all
fields of modern science, at fundamental and applied levels, for instance in physics, chemistry,
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biology, engineering, etc... Understanding how properties at micro-scales transfer to macro-
scales, and the design of efficient numerical schemes, are still challenging issues. In the
mathematical literature, powerful limiting procedures have been developed, e.g. averaging and
homogenization techniques are available. We refer for instance to [14,15,30,36] for monographs
devoted to the study of multiscale stochastic systems.

The averaging principle can be interpreted as a law of large numbers, in cases where a
slow component is driven by an equation with coefficients depending on a fast component,
which is an ergodic stochastic process: when the separation of time scales goes to infinity,
the slow component converges to the solution of an averaged equation, where coefficient have
been averaged out with respect to some invariant probability distribution for the fast component.
For results concerning the averaging principle for Stochastic Differential Equations (SDEs), we
refer to the pioneering work [26], and to the following extensions since then, e.g. [27,28,32,39]
(this list is not exhaustive).

In this article, the aim is to study the averaging principle for a class of parabolic, semilinear,
Stochastic Partial Differential Equations (SPDEs)

% = Ax“(t, &)+ f(x°(1,6), y(1, &) + W(t, &), 1>0, E€D,

x€(t, )pp =0, t >0,
XG(O’ ) = X0, ye(ov ) = Yo,

where the domain is D = (0, 1)¢, for some d € {1, 2,3}, and W is a Gaussian noise which
is white in time, and white or correlated in space. For a mathematically precise formulation,
see (1), in the framework of [12], and Section 2. The fast component is given by y*(¢, ) =
y(e~'t, ), where y is assumed to be an ergodic process, independent of the Wiener process W
which appears in the slow equation, i.e. the equation for the slow component x€.

The averaging principle for such SPDE systems has been proved in a very general framework
in [9,11] for globally Lipschitz coefficients, and later in [10] in the case of non-globally
Lipschitz continuous coefficients. In these results, no order of convergence, in terms of € — 0,
is provided. The first study of orders of convergence for the averaging principle in the SPDE
case, was performed by the author in [3]. The main motivation for studying the rates of
convergence is the construction of efficient numerical schemes, based on the Heterogeneous
Multiscale Methods, see [4] and references therein.

In recent years, many works have been devoted to the study of the averaging principle
for different classes of SPDEs. For instance, see [13,16,17,19,21,31], in the parabolic SPDE
case. See [18,20], for some parabolic—hyperbolic systems. See [22,23] in the Schrodinger
equations case. Finally, see [1,2], where stochastic fluid mechanics equations are considered,
with motivations coming from physics.

As is usual when dealing with stochastic equations, orders of convergence are understood
in two senses. On the one hand, strong convergence deals with the mean-square error. On the
other hand, weak convergence is related to convergence in distribution, considering sufficiently
smooth test functions. If the averaging principle for SDEs (with globally Lipschitz continuous
coefficients) is considered, the strong order of convergence is %, whereas the weak order
is 1, and these results are optimal in general. The technique of [26] is perfectly suited to
prove strong convergence results, whereas to study weak convergence, approaches based on
asymptotic expansions of solutions of Kolmogorov equations are very efficient, see [27,28].
The generalization to SPDEs, where there is no Wiener noise in the slow equation, has been
considered in [3]. If a stochastic forcing term is present, much less is known. Indeed, for
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SPDEs, i.e. for infinite dimensional stochastic equations, the analysis of the order of weak
convergence and of the Kolmogorov equations, is notoriously challenging, we refer for instance
to [6] for a recent contribution, and the discussions and references therein.

The aim of this manuscript is to study the weak order of convergence in the averaging
principle, for semilinear, parabolic, SPDEs, with a stochastic forcing in the slow equation. Note
that this question has been recently investigated in [19] with a very strong regularity condition
on the covariance of the noise, which implies a high spatial regularity of the process x€. In fact,
using this condition, the techniques of [3] may be applied, essentially with no modification,
hence the weak order of convergence equal to 1 obtained in [19]. The objective of this article
is to weaken the regularity conditions required to obtain strong and weak rates of convergence
in the averaging principle. The main finding is that a trade-off between regularity properties of
the slow and the fast components is at play. First, we prove that the strong (resp. weak) order
of convergence is 1/2 (resp. 1), under an appropriate condition (the very regular case), which
is in general much weaker than the assumption in [19]. Second, we weaken the condition (the
less regular case), and exhibit appropriate strong and weak orders of convergence depending
on the regularity properties of the slow and fast component. In that case, as expected, the weak
order is twice the strong order, however, whether these results are optimal is not known, indeed
the proof is based on an approximation argument and may not be optimal. For statements of
the main results, see Theorems 4.5, 4.7 and 4.8.

Even if the main motivation of this work is the analysis of the weak order of convergence,
a detailed analysis of the strong order of convergence is also provided, for two reasons. First,
it allows us to check that the weak order is twice the strong order, as expected. Second,
the technique of proof is different from the one used in previous publications on the strong
convergence in the averaging principle for SPDEs, such as [3] instead of employing the
technique introduced by Khasminskii in [26], the Poisson equation technique described for
instance in [36] is generalized to a situation where mild solutions of SPDEs are considered.

Several relevant questions are left for future works. For instance, in this manuscript, it is
assumed that the fast component y€ is not coupled with the slow component x¢, and it would
be interesting to study the coupled case.

This article is organized as follows. Section 2 is devoted to introducing the necessary
functional analysis framework and to stating precise assumptions. Regularity parameters o/max
and ymax, Which are used to define the very regular and less regular cases, are introduced in
Assumptions 2.6 and 2.7 respectively. Section 3 presents the averaged equation.

The main results of this article are stated and discussed in Section 4. First, in the very
regular case, see Assumption 4.1 and Section 4.1, Theorem 4.5 and 4.7 state that the strong
(resp. weak) order is equal to % (resp. 1). Second, in the less regular case, see Assumption 4.2
and Section 4.2, Theorem 4.8 show that the strong order is (at least) Bnax = %‘ﬁ < %
and the weak order is (at least) 2Bmax.

Auxiliary but fundamental and nontrivial regularity results concerning a family of Poisson
equations are studied in Section 5.

Proofs of the main results are provided in Sections 6, 7 and 8.

Finally, in Section 9, a class of temporal discretization numerical schemes, based on
Heterogeneous Multiscale Methods, see [4], is presented. The goal of the schemes is to
approximate the slow component x€, and to avoid conditions on the time step size h of the
type h = o(€), which arise when discretizing naively the slow—fast system, and are prohibitive
when € — 0. The guideline of the method is the averaging principle (and the error estimates
proved in this article are crucial for a full error analysis): one may approximate the solution
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of the averaged equation, and estimate the (unknown) averaged equation using a numerical
scheme for the fast process, with different and independent time step sizes at the slow and fast
scales. Section 9 presents the construction of the method and error estimates. In particular, in
certain regimes, one recovers an averaging principle at the discrete-time level. Section 9 may
be skipped by readers which are interested only in the averaging principle for the SPDEs.

2. Setting

The objective of this section is to state precise assumptions, and to derive moment estimates
(uniform in €), for the following Stochastic Evolution Equation

dXS(t) = AX“(0)dt + F(X<(0), YS(0))dt + dW (). (1)

This is the abstract formulation of a parabolic, semilinear, SPDE, in the framework of [12]. The
stochastic forcing is given by a Q-Wiener process W€. In addition, Y€ is another stochastic
process with values in L2, In this work, it is assumed that Y€ and W€ are independent.

We are interested in the regime of a small parameter ¢, and of a timescale separation:
Y(t) = Y(te™'). As a consequence, X¢ is referred to as the slow component, and Y€ as
the fast component.

For instance, the process ¥ may be the solution of an equation of the type

dY (1) = AY(t)dt + G(Y (1))dt + dwi(t),

where (w‘l(t)) ,~0 18 @ g-Wiener process, independent of W2. Then Y€ solves an equation of
the type N

dY<(t) = é(AYe(t) + G(Y(1))dr + %duﬂ(r),

in which case one has the equality in distribution (but not almost surely) of the processes
(Y(ze™)),., and (Y(1)),.,. The assumption that Y is independent of W¢ means that G

does not depend on the slow component, thus the fast evolution is not coupled with the slow
evolution.

Considering the coupled situation, where G depends also on the slow component, would
substantially modify some computations below. However, the treatment of the uncoupled case,
considered in this manuscript, already requires the use of original and nontrivial arguments. The
objective of this manuscript is to exhibit these arguments, in the simplest nontrivial framework.
The treatment of the coupled case is left for future work.

2.1. Notation

Let D = (0, 1), with dimension d € {1, 2,3}, denote a domain. For any p € [l1, o0,
let L? = LP(D), and denote by |- |;, the associated LP-norm. When p = 2, H = L? is
a separable, infinite dimensional, Hilbert space, with norm |- |5 = |- |2, and inner product
denoted by (-, -).

For any p, g € [2, 00), let L(L?, L?) denote the space of bounded linear operators from L”
to L4. The associated norm is denoted by || - || zr,19).

For p € [2,00), let R(L?, L?) C L(L?, L?) denote the space of y-Radonifying operators
from L? to L”. Recall that a linear operator ¥ € L(L?, L”) is a y-radonifying operator, if
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the image by ¥ of the canonical Gaussian distribution on L? extends to a Borel probability

measure on L”. The space R(L?, L") is equipped with the norm || - =2, 1r) defined by
” !p”R(LZ Lry — ]E| Z Vn !pfn LP>
neN

where (y,)nen 1S any sequence of independent standard (mean O and variance 1) Gaussian
random variables, defined on a probability space (2, F,P), with expectation operator denoted
by E, and (f,)sen is any complete orthonormal system of L2. When p = 2, R(L%, L?) =
/32(L2) is the space of Hilbert—Schmidt operators on L?, and || ¥||2 = Tr(¥¥*), where
Tr(-) is the trace operator, and ¥* is the adjoint of V.

Note that, for any p € [2, 00), there exists ¢, € (0, 00) such that for any ¥ € R(L?, LP),

1052 1oy < €0l D (US| -

neN

R(L2,L?)

Finally, recall the left and right ideal property for y-Radonifying operators: for all p, g €
[2, 00), for all operators L, € L(LP,L9), ¥ e R(L?> LP) and L, € L(L? L?), then
L1 VL € R(L% LY), and

1L WLZHR(LZ L9) = < |ILy ||L(L1’ L‘i)” lI/”R(LZ LP)”LZ”L(LZ L2)-
Let (W(t)) ,~o denote a cylindrical Wiener process defined on L?, on a probability space
(2, F,P). For any T € (0,00) and p € [2, 00), the L”-valued It integral fOT d(t)dW (1)

is defined for predictable processes @ € L*(2 x (0, T), R(L?, L")). Moreover, there exists
¢, € (0, 00), such that

T T
E]] /0 SOAWDL] < ¢, /0 E$(0)l1% 2 1 dr-

In the case p = 2, the inequality above is replaced by the following Itd isometry property:

T T
E[|/0 @(r)dW(r)@z]:/O El| 90|52, 12,d1-

Higher order moments of stochastic integrals are estimated using Burkholder—Davis—Gundy
type inequalities.

For statements, proofs, and generalizations, of the results above, we refer for instance
to [7,34,35] for Banach space valued stochastic integrals, and to [12] for the Hilbert space
case.

If ¢ : L> — R is a function of class C', its first order derivative Dg(x) € £(L?, R) may be
identified with a element of L2, thanks to Riesz Theorem: as a consequence, for all x, h € L?,
we write Do(x).h = (Dg(x), h).

2.2. The linear operator A

Let A denote the unbounded linear operator on H = L?, with
D(A) = HX(D) N H}(D),
Ax = Ax, ¥V x € D(A),

where A is the Laplace differential operator in dimension d. The domain is chosen in order to
consider homogeneous Dirichlet boundary conditions in evolution equations. It is a standard
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result (see for instance [37]) that there exist a complete orthonormal system (e,,)nEN of L?, and
a non-decreasing sequence ()‘")neN of positive real numbers such that

Aep = —Anen, VN EN, Ay ~ cqni . Sup lea] o < 00. )
n—o00 neN
The operator A can also be considered as an unbounded linear operator on LP”, for all
p € [2,00), in a consistent way as p varies. The linear operator A generates an analytic
semigroup (e“‘)po, on L? for p € [2,00). For « € (0, 1), the linear operators (—A)™ and
(—A)~ are constructed in a standard way, see for instance [37, Chapter 2, Section 2.6]:

sin(w o)

(—A)™* = %M) /oot_“(tl—A)_'dt , (A = /oota_'(—A)(tI—A)_ldt,
0 0

T
where (—A)* is defined as an unbounded linear operator on L”. In the case p = 2, note that

(—A)“x = Z A7%(x,e)e;, x€H,
ieN*

(—A)x =Y M(x.e)ei.  x € Dy((—A)) = {x eH: Y Ax.e) < oo} )
ieN* i=1

Since (e’ A) ,~0 18 an analytic semigroup on L”, one has the following regularization property:

for all p € [2, o0) and « € [0, 1], there exists Cp.« € (0, 00) such that for all x € L”, one has
(=AY e x|p < Cpat ™ *|x[10 ?3)

see [37, Chapter 2, Theorem 6.13].
Introduce also the kernel function K associated with the semigroup (e'*),_:

eo(E) = /D K(t, & ne(n)dn. )

The kernel function K satisfies the two following properties: there exist ¢, C € (0, 00), such
that for all # > 0 and &, n € D, one has

0<K(t&n<Ci? exp(—ct™'|& —nl’) , /DK(I,S,H)dn =1L 5

To conclude this section, useful calculus inequalities are stated. They are employed in a
crucial way in Section 5.

Proposition 2.1. For any o € [0, %), any k € (0, % — ), and any p € [2, 00), there exists
Co,x,p € (0, 00), such that for all x, x, € L,
[(—A)* 122 1 < Cow pl(—A) 51120 [(—A)* T x2] 120

Moreover, let ¢ : (z1,22) € R x R +— ¢(z1, z2) € R be a Lipschitz continuous function of
class C'. Then there exists Co,p(@) € (0, 00) such that for all x, y, y» € L?P,

[(=A)*(p(x, y2) = ¢, YD) < Coep(@) (1 + 1(=A) x| 12

1A Y1) (= AT (2 = ) 20
j=1,2

Remark 2.2. In the statement of Proposition 2.1 (and in the whole article), the following
convention is used to simplify the presentation: one mentions that x € L?, whereas |[(—A)*x]|.»,
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for some p and o > 0, appears on the right-hand side. It should be understood that the
inequality is valid only if [(—A)*x|;», < oo, whereas if [(—A)*x|;», = oo then the inequality
provides no information.

For the first inequality, we refer to [0, Section 3.2] and [38]. The second inequality is a
straightforward consequence of the first inequality and of a first order Taylor formula:

1
d(x, y2) — P(x, y2) = /(; 05, @(x, Ays + (1 — A)y)(y2 — ynda.

Finally, the following inequ{alities are used below: for every k > 0, there exists C,, € (0, c0)
such that for all x € D((—A)%1%),

d d
X0 < Cel(=A)+ ™ x| 2, I(=A) 4 “x|2 < Celx|pr. (6)

The first inequality is interpreted as a Sobolev inequality, and is a straightforward consequence
of the properties (2) of eigenvalues X, and eigenfunctions e, of A:

o, el 1

X, €n)|An 5 d

|x[p00 < sup |ep| oo E ————— <sup |en|L°°(§ 7 )2|(—A)4+KX|L2~
neN N +2k

d
7+K =
neN A ne neN Ay

The second inequality is obtained by a duality argument. As a consequence, one obtains the
following inequality: for all x € L',

le'dx],2 < Cot ™5 x| 1. )
2.3. Assumptions on F and Q

The coefficient F in (1) is defined as the Nemytskii operator (see Definition 2.5) associated
with a smooth function f (see Assumption 2.3).

Assumption 2.3. Assume that f : (z1,22) € R x R+ f(z1,22) € R is a function of class
C*, with bounded derivatives of order 1, ..., 4.

Remark 2.4. In the calculations below, quantitative estimates will only depend on the bounds
on the derivatives of f of order 1, 2, 3. Existence of the fourth order derivative is only employed
to justify some calculations in Section 5.

Definition 2.5. For all p, ¢ € [2, 00), the mapping F : L? x L9 — LP" is defined as the
Nemytskii operator, with F(x, y) = f(x(~), y(~)) forall x e L?,y € L9.

Note that the definition of F' is consistent when parameters p and g vary.

Observe that, for any p,q € [2,00), and fixed y € L%, then the mapping x € L? >
F(x,y) € L?" is globally Lipschitz continuous, uniformly in y € L¢, and in p, g. More
precisely,

Lip(F(.y) = sup 13, f(z1, 22)|-
(z1.22)eR2
In addition, if y € L? and x;,x, € L”, then one has F(x;,y) — F(x;,y) € LP?, with
|F(x2,y) = F(xi, pr < 80pe; opyer2 10z, (21, 22)] %2 — xilpp-
Nemytskii operators, in general, are not Fréchet differentiable. In addition, second and higher
order derivatives are defined only in certain directions (consistently with Holder inequality).
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Gateaux derivatives of F' can be computed as follows: for all x, y € L*and h € L?, h, € LP1,
hz € LP2 and /’l3 € LP3,

D F(x,y).h =9, f(x,y)h € L?,
Do F(x, y).(hi, ha) = 8 f(x, y)hihy € L, ®)
Dxxxnx, y>.<h1, hz, ho =02 f(x, y)hihohs € LS,

- 1 1
with o> 112 - + and - 171 + P2 + IZN

The stochastlc perturbatlon in the slow component of (1) is given by a Q-Wiener pro-
cess. The covariance operator Q is a bounded, self-adjoint, operator on L2, and satisfies
Assumption 2.6.

Assumption 2.6. There exists a family of nonnegative real numbers (qn)neN and a complete
orthonormal system ( f”)neN of H, such that sup, .y ¢, < 00, and

Q=Y qulfu:) fo-

neN

Let Q% be defined as
1
Q2 =Y @l fu )V fo-
neN
It is assumed that f, € L™ for all n € N, and that

sup | fulpee < 00.
neN

Finally, assume that there exists amax € (0, 1] such that, for all & € [0, amax) and p € [2, 00),

1 g 1
Mo, (Q2,T) = (/ I(—AYe Q2112 o, d)? < co. )
0
The Q-Wiener process W is then defined on a probability space (2, F, P), as follows:
W) =" \/Guya(®) fr,
neN
where (y,,) is a sequence of independent real-valued Wiener processes. Note that W€(t) =

Q% W) where W) = ZneN ¥ (1) f 1s a cylindrical Wiener process.

Note that, for all T & (0, 00), M, ,(Q%, T) < oo if and only if M, ,(Q?, 1) < co. Thus
the condition expressed in (9) does not depend on the time 7, it only depends on Q, and on
the parameters « and p.

A sufficient condition for (9) to hold is the following: for all « € [0, ayax) and p € [2, 00),

1 1 . .. .
[(—A)* 7202 |lg2,ry < 0o. For another class of sufficient conditions, see Assumption 4.2
and Proposition 8.1.

2.4. Assumptions on the fast process

The fast process (Y f(t))t>0 in (1) is defined in terms of an ergodic Markov process Y, such
that, for all + > 0, -

Ye(t) = Y(é).
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Assumption 2.7. The process Y = (Y(1)),_,

H = L?. Its unique invariant probability distribution is denoted by .

Moreover, it is assumed that ¥ and the Q-Wiener process W€ are independent.

Finally, there exists a parameter Ymax € (O, %], such that the following estimates are satisfied:
for all y € [0, Ymax), all p € [2,00), and M € N, there exists C,, , i € (0, 00) such that

is a continuous, ergodic, Markov process on

sup EI(=AY YOIy < Cyopa1 + EI-AY YOI, (10)
f (=AY Y% 1dy) < Cyopats (11

The following standard notation is used: (Yy(t))t>0 denotes the Markov process with initial
condition Y (0) = y.

Another key assumption concerning the fast process deals with solvability of Poisson
equations, and on regularity properties of the solutions.

Assumption 2.8. Define admissible functions ¢ : H — R, to be such that, for some
q € [2,00), ¢ is twice Fréchet differentiable on L7, and such that there exists C € (0, o0)
such that for all y € H, h, hy, h, € L4,

ID(y).h| < Clhlg , |D*¢).(h1, h)| < Clhy|Lqlhalpa-

Let L be the infinitesimal generator of the Markov process Y.
Assume that for any admissible function ¢, the Poisson equation

—de:q&—/d)du (12)

admits a unique solution such that f Ydu = 0, and that this solution is given by

tﬁ(y)Z/O E[¢(Yy(t))—/¢du]dt- 13)

Moreover, for all y € [0, ymax), p € [2,00) and M € Ny, assume that there exists
C, p.mu € (0, 00) such that the following property is satisfied. Let ¢ : H — R be an admissible
function, and assume that there exists C(¢) € (0, 00), such that for all y, y, € H

6(y2) = (DI < C@OA + (=AY yil7s + (=AY Y217 I(=AY (2 = yD)l o (14)
Then the solution i of the Poisson equation (12) satisfies, for all y € H,
W < CypuC@A + (=AY yI15. (15)

A sufficient condition to have the estimate (15) satisfied is given by Proposition 2.9.

Proposition 2.9. Let Assumption 2.7 be satisfied. Assume that for all y € [0, Ymax), P € [2, 00)
and M € Ny, there exists C,, , y € (0, 00) such that for all y,, y,» € L?,

/ (EI(=A) (Yy,(t) = Yy, (t))lfp)%dt = Cypml (=AY (y2 = yDlLp-
0

Then the estimate (15) is satisfied.

Proof of Proposition 2.9. By stationarity, v is written as follows:

w<y)=//0 Elp(Y* (1) — p(Y*(1)]dt pu(d2).
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Then, using (14) and Assumption 2.7,
Wl < C@) / /0 T EI-AY @) — V) (1 + EI-AY Y OR}
+ E(—AY YO )diu(dz)
<Cypu@® f /0 T EBI-AY @) - V) i1+ 1A 1
+ (=AY 2zl ) u(dz)
< Cyp(@) / (=AY (3 = Do (1 4+ (=AY ¥ + 1(—AY 2I2 ) u(d2)

< Cypom(1+1=AYy5). O

2.5. Well-posedness and moment estimates

We are now in position to state (and give a sketch of proof of) a well-posedness result
for (1), for arbitrary € > 0. Without loss of generality, it is assumed that € € (0, 1).

We also state moment estimates for X€(¢). These estimates are uniform with respect to the
parameter € € (0, 1). Recall that oy« is defined in Assumption 2.6 and that it is assumed that
Omax > 0.

Proposition 2.10. Let T € (0, 00). For any xo € H, any yo € H, and any € € (0, 1), the
SPDE (1) admits a unique mild solution, with initial conditions X¢(0) = xq, Y¢(0) = yy, such
that for all t € [0, T],

t t
X€(1) = " xp + f eTTIAR(XE(s), YE(s))ds + / TIAaWL(s). (16)
0 0

In addition, the following moment estimates are satisfied, uniformly with respect to € € (0, 1):
forany T € (0,00), a € [0, amax), p = 2 and M € N, there exists Cqo p u(T) € (0, 00), such
that for all xo, yo € L?, such that |(—A)*xo|.r < 00,

1
sup sup E[[(—A* X OI}p] < Cops(T)(1+1(—A) X017 130l + Mo ,(Q 2, THM).
€€(0,1) r€[0,T]
(17)

Remark 2.11. Using the regularization property (3) of the semigroup (e'*) _ . the moment
estimates (17) may be replaced with B

— 1
sup E[|(=A) X OI75] < Capar(M)(1+ 17 xol 7y + [y0ls + Map(Q2, THY).
€c(0,1)
Therefore the regularity assumption on the initial condition xp, may be relaxed.

We conclude this section with a sketch of proof of Proposition 2.10.

Proof of Proposition 2.10. The existence and uniqueness of a mild solution (16) of (1) is
obtained by a standard fixed point argument, see for instance [12].

The proof of the moment estimates (17) combines the following observations. On the one
hand, owing to (3) and to Lipschitz continuity of F,

|(—A)* /0 e"IAF(X(s), Y(s))ds|,, < C /0 (t =) (141X p + 1Y(S)Lp)ds.
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On the other hand, owing to (9), see Assumption 2.6, the moment estimate

T
El(—A)* / AW (s)I7, < cp f =AY Q2 12, , ,pd
0

0
= cyM, (02, T)? < 00

for the stochastic convolution, is easily obtained, in the case M = 2. Higher order moments
are estimated using a Burkholder—Davis—Gundy type inequality.

The case @ = 0 is treated using Gronwall inequality, and then the case o € (0, max) follows
from the estimates above.

This concludes the sketch of proof of Proposition 2.10. [

3. The averaged equation

Let us first define the so-called averaged coefficient F.

Definition 3.1. For any x € L?, define

F(x) = / F(x, y)du(y) € L, (18)

where p is the unique invariant probability distribution of the ergodic process Y, see Assump-
tion 2.7.

Since F is the Nemytskii operator associated with a globally Lipschitz continuous function
f, using Assumption 2.7, it is straightforward to check that F(x) € L? if x € L?, for all
p € [2, 00).

The derivatives of the averaged coefficient F satisfy the following estimates.

Proposition 3.2. For all p € [2, 00), there exists Cj, € (0, 00) such that for all h € L?
sup [DF(x).hlLp < Cplhlpp. (19)

xelL?
Forall p € [1, 00), and py, p2 € [2, 00), such that% = ﬁ+é, there exists Cp, p, € (0, 00)
such that for all hy € LP' and h, € L,

sup [D*F(x).(h1, ha)lpp < Cpy pylhil o 12l (20)
xeL?
For all p € [1,00), and pi, p2, p3 € [2,00), such that i = — + - + E there exists
Cp,.pr.py € (0,00) such that for all hy € LP', hy, € LP? and h3 € L”‘,
sup |DPF(x).(h1, ha, h3) o < Cpy o ps Bt o1 [h2] oo 3] s (21)
xel?

Proof of Proposition 3.2. The derivatives of F' are given by (8).
The conclusion follows using boundedness of the derivatives of f, the Holder inequality,
and integrating with respect to du(y). 0O

We are now in position to state a well-posedness result for the averaged equation:

dX(1) = AX()dt + FX@))dt +dW2(@). (22)
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Proposition 3.3. Let T € (0, 00). For any xo € H, the SPDE (22) admits a unique mild
solution, with initial condition X(0) = x¢, such that for all t € [0, T,

t t
X(t) = ex+ / TONFE(X (5))ds + / eTOAAWC(s). (23)
0 0

In addition, the following moment estimates are satisfied: for any T € (0, 00), @ € [0, omax)
(Where oy is defined in Assumption 2.6), p > 2 and M € N, there exists Cy, , u(T) € (0, 00),
such that for all xqy, yo € LP, such that |(—A)*xol.r < 00,

sup. E[[(—A*X0)I1p] < Cap (M1 + (A X015 + Ma (07, T)). (24)
tel0,

The proof is omitted. Existence and uniqueness of the mild solution follows from the
global Lipschitz continuity property of F (thanks to (19), see Proposition 3.2). The moment
estimates (24) are proved using the same arguments as in the proof of Proposition 2.10, in
particular using (9), see Assumption 2.6.

To conclude this section, introduce the infinitesimal generator associated with the averaged
equation (22):

_ — 1
Lo(x) = (Dy9(x). Ax + F () + 5 3 auD20)-(fo ): (25)
neN

This definition makes sense for sufficiently regular functions ¢ : L?> — R.

4. Statements of the main results

The main results of this article, concerning the error in the averaging principle, are stated
in this section. We exhibit both strong and weak orders of convergence, with respect to €. Two
situations need to be considered, depending on the regularity properties of the slow and the fast
component, more precisely in terms of a,.x (defined in Assumption 2.6) and of y,.x (defined
in Assumption 2.7).

Let us introduce Assumption 4.1 (resp. Assumption 4.2) which defines the very regular case
(resp. the less regular case).

Assumption 4.1. The parameters ayx and ymax satisfy the condition

Omax + Vmax > 1.

Moreover, assume that Tr(Q) = ), . qn < 0.

SIS

@
Assumption 4.2. Assume that (3, g7 )
:[2, oo). d =1,

< 00, for some

2, 7%), d € (2,3},

with usual conventions if o = oo or if d = 2.
In this case, let

1 d 2
Omax = 5(1 - 5(1 - 5)) (26)

Moreover, assume that Ymax < Cmax-

Please cite this article as: C.-E. Bréhier, Orders of convergence in the averaging principle for SPDEs: The case of a stochastically forced slow
component, Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.09.015.




C.-E. Bréhier / Stochastic Processes and their Applications xxx (xxxx) xxx 13

The definition of the parameter o.x in Assumption 4.2 is consistent with Assumption 2.6,
see Proposition 8.1. Note that in this case, one has o € (0, %].

Remark 4.3. If Assumption 4.2 is satisfied, the condition o,y > Ymax 1S not restrictive. Indeed,
in practice, when the regularity oy, is given, one may always replace ymax With min(max, Ymax)
without extra assumption.

Remark 4.4. The condition Tr(Q) < oo in Assumption 4.1 is not very restrictive. For
instance, if o,k 1s characterized by the property that for all & < o, and all p € [2, 00),
[(=A)*"202|lg2.Lr) < 00, the condition is satisfied since Tr(Q) = [|Q2 |2 12) < 00,

with o = 5 < Omax-

First, in the very regular case (see Section 4.1), the strong (resp. weak) order of convergence
is equal to % (resp. 1). This coincides with the orders of convergence obtained in [3], where
no stochastic perturbation is acting in the slow component, i.e. Q = 0 in (1). The weak order
1 also essentially coincides with the result from [19], where it is assumed that o, = 1 and
¥Ymax = 0. Moreover, this also coincides with the orders obtained in the case of SDEs (see for
instance [36]). In particular, these values are optimal in general.

Second, in the less regular case (see Section 4.2), Assumption 4.2 is satisfied, and it is proved

that the strong (resp. weak) order of convergence is equal to 1 S (resp. 7 +a2°““a" ). The

max —Ymax ‘max — Ymax

proof is based on the application of the result in the regular case for a well-chosen approximate
problem, with modified covariance operator Q. It is not known whether these strong and weak
orders of convergence are optimal. On the one hand, observe the orders of convergence are
maximal when Ym.x = Omax, in Which case the strong and weak orders are o, and 2omax
respectively, hence are clearly related to the spatial and temporal regularity of the processes.
On the other hand, when yy,.« is arbitrarily small, the strong and weak orders of convergence are

cmax_ and i‘_)‘m“x respectively. The application of the standard Khasminskii strategy would also

I+amax I+omax

lead to a strong order of convergence equal to lj':';:‘ax, see [3]. As a consequence, the additional

use of regularity properties of the fast process in the analysis allows us to get improved orders
of convergence.

4.1. The very regular case

In this section, it is assumed that Assumption 4.1 is satisfied. As a consequence, there exists

¥y € (1 — max, Ymax)> such that Ml,y,,,(Q%, T) < oo forall p € [2,00) and all T € (0, 00),
see (9). In particular,

Mi_,5(Q2, T) < o0,

for all T € (0, 00),.
We are now in position to provide precise statements of the results, concerning the order of
convergence of the averaging error, in the regular case.

Theorem 4.5. Let Assumption 4.1 be satisfied. Let T € (0, 00), and assume that the initial
conditions xg, Yo, satisfy
I(—A)' 7 xol 8 + [(—A) T yol s < o0,

for some y € (1 — 0max, Ymax) and some k € (0, Ymax — ¥)-
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Then there exists C(T, xg, yo) € (0, 00) such that for all € € (0, 1),
— 2 1 1 1
sup (E[X(1) — X(1)]}2)? < C(T, x0, yo)(Tr(Q) + Mi_,, 5(Q2, T)) €. (27
te[0,T]

To state the weak error result, an appropriate notion of nice test functions is used.

Definition 4.6. Let ¢ : L> — R. It is called a nice test function if the following derivatives
of ¢ exist and are continuous, and if the estimates below are satisfied.

e There exists C € (0, 0o0) such that for all x € L? and h € L2,
|Do(x).h| < Clhlp2,
and, for all x € L2, hy, hy € L?,
|D*¢(x).(h1, ho)| < Clhilj2lhal .

e For every pi, p2, p3 € [2,00) such that 1 = ﬁ + é + %, there exists Cp, p,.p; € (0, 00)
such that for all x € L2, and hy € L?', hy € LP2, hy € L3,

|D30(x).(h1, hay h3)| < Cpy o ps 1Bt | Lon V2l Lo 3] s

For instance, a function ¢ : L? — R of class C3, with bounded derivatives of order 1,2, 3,
is a nice test function. Other nice test functions are constructed as follows:

p(x) = (w, ¢(x)),

where ¢ : R — R is of class C,?, and w € L™ is a weight function.
The weak error is estimated for the class of nice test functions introduced above.

Theorem 4.7. Let Assumption 4.1 be satisfied. Let T € (0, 00), and assume that the initial
conditions xg, Yo, satisfy

(= A) 7" X0l s + 1(=A) yol s < oo,

for some vy € (1 — 0max, Ymax) and some k& € (0, Ymax — ¥). Let ¢ : L?> — R be a nice test
function.
There exists C(T, xg, o, ¢) € (0, 00) such that for all € € (0, 1),

S[ISI)T] [E[p(X“(1)] — Elp(X(0)]] < C(T, xo, yo0, 9)(Tr(Q) + M17y,4(Q%, T))e.  (28)
telo,

The apparently strong conditions imposed on the initial conditions xy and y, may be
weakened using standard arguments, thanks to the regularization properties (3) of the semigroup
(e’ A) =0’ and minor modifications in the proofs. However, one could not consider the supremum
over time ¢ € [0, 7] in (27) and (28). In addition, assuming that the initial conditions possess
nice spatial regularity properties allows us to focus on the most important issues solved in this
manuscript.

Note that the strong order of convergence is equal to %, whereas the weak order of
convergence is equal to 1. As explained above, these values are optimal.

The proofs of Theorems 4.5 and 4.7 are postponed to Sections 6 and 7 respectively.
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4.2. The less regular case

In this section it is assumed that Assumption 4.2 is satisfied, in particular o,y is defined
by (26) and Ymax < ¥max. Let

ﬂ _ amax
max — T .
1 + Omax — Vmax

and observe that B < %
Theorem 4.8. Let Assumption 4.2 be satisfied. Let T € (0, 00), and assume that the initial
conditions xg, Yo, satisfy

[(=A4)" 7 xol 5 + 1(=A) Tyl 5 < 00,

for some y € (0, Ymax) and some k € (0, Amax — V).
For any B € [0, Bmax), there exists Cg(T, xq, Yo, Q) € (0, 00) such that for all € € (0, 1),
the strong error is estimated by

— 2.1
sup (EIX(t) — X(1)]}2)> < Cp(T. x0. yo. Q)€”. (29)
te0,T]
Moreover, let ¢ : L> — R be a nice test function. For any B € [0, Bmax), there exists
Cy(T, x0, y0, Q, ) € (0, 00) such that for all € € (0, 1), the weak error is estimated by
sup [Elp(X“ ()] — Elp(X(0)]| < Cp(T, xo, yo, Q, 9)e*’. (30)
t€[0,T]
Note that in Theorem 4.8, the weak order is equal to twice the strong order, as discussed
above. The proof of Theorem 4.8 is postponed to Section 8.

Remark 4.9. Whether the supremum in the strong error estimates (27) and (29) can be put
inside the expectation is not clear. This question is left open for future work.

5. Auxiliary regularity results for solutions of the Poisson equation

This section is devoted to the analysis of the Poisson equation below: for any x € L? and
0 € L?, define &(x,-,0): L* - R as the unique solution of

—L&(x, -, 0)=(F(x, ) — F(x),6), (€29

with the condition f P(x, -, 0)du = 0. Observe that 6 — P(x, y, 0) is a (possibly unbounded)
linear mapping.

Recall that L is the generator of the Markov process Y. It is assumed that Assumption 2.8
is satisfied.

The function @ plays a key role in the analysis of the error in the averaging principle, both
in the strong and in the weak senses. It is straightforward to obtain estimates on @(x, y, 6), on
D, ®(x,y,0).h and on D)% P(x,y,0).(hy, hy), in terms on L? norms of x, y, 0, h, hy, hy (for
well-chosen p), see Lemmas 5.1, 5.3 and 5.5. The main original results in this manuscript
are estimates of ®(x, y, 6) in terms of |[(—A)7V8|;, (see Lemma 5.2), and of D, ®(x, y, 0).h
in terms of [(—A)7Vh|.p (see Lemma 5.4), for positive y € (0, Ymax). These two results are
specific to the analysis of the averaging principle for parabolic SPDEs, and they allow us to
exhibit the trade-off between the regularity properties of the slow and fast processes in the
identification of the strong and weak orders of convergence discussed above. These results are
consequences of Proposition 2.1.
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First, Lemmas 5.1 and 5.2 deal with estimates of ®(x,y,8). In particular, note that
Lemma 5.1 implies the well-posedness of (31).

Lemma 5.1. Let p € [2,00) and p' = % € (1,2]. There exists C, € (0, 00), such that for
allx e L?, y e L? and all 6 € L”,

| DCx, y, O < Co(1+ |ylp)I0], -
Proof. For any fixed x € L? and 8 € L? C L?, the mapping y — (F(x,y) — F(x),0)

is an admissible function (with ¢ = 4). In addition, using Lipschitz continuity of F (and
boundedness of the derivatives of f, see Assumption 2.3), one has the estimate

[{(F(x, y2) — F(x, y1),0)| < |F(x,y2) — F(x, yDlpp10l, < Clys — yilpel0l, -
This proves that (14) is satisfied, with the parameters « = 0, p, and M = 0. By Assumption 2.8,
then (15) is satisfied, which concludes the proof of Lemma 5.1. O
Lemma 5.2. Let y € (0, Ymax)- For all k € (0, Ymax — V), there exists C,, . € (0, 00) such that
forall x,y e L* and 0 € L?, then

18(x, 3, 0)| < Cyoc(1+ (=AY ™ x]74 + (A Ty [74) (= A) 76| 2.

Proof. Observe that
[(F(x,y2) = F(x,y2),0)| < Cy|(=AY (F(x, y2) = F(x, y)2[(=A)70|2
< Cy(L+ (=AY x| pa + (=AY ¥ yi] 4 + (=AY Ty 14)
(=AY (yy — y)Ial(—A) 70,2,

using the second inequality in Proposition 2.1. This proves that (14) is satisfied, thus (15)
follows, and this concludes the proof of Lemma 5.2. [

Lemmas 5.3 and 5.4 deal with the first order derivative of @(x, y, #) with respect to x.

Lemma 5.3. There exists C € (0, 00), such that for all x € L? v,0,h € L,

(D2 @G, v, 0), )| < CC1+ 1yl o) min(16] 4[] 2. 161 ,2114)-

Moreover, for all x € L? v, h e L% 0 e L%, one has
Dy P(x,y,0),h)| <CA+ |y|L3)|9|L% |-

Proof. For all x,h € L%, 6 e L*, the function y — (D, ®(x,y,6), h) solves the Poisson
equation

_L(Dx D(x, -, 9)}1) = o
where ¢, 9,(y) = (DX(F(x, ) — f(x)).h, 0). It is straightforward to check that ¢, is an

admissible function (by Assumption 2.3, f is of class C? with bounded derivatives), with q = 8.
Let x,h € L? and 6 € L*, then for all y;, y» € L*, one has

200 (V)= 0n (D = [(De(F(x, y2) — F(x, 1)1, 6)]
= [{(3;, £(x, y2) — 3, f(x, y))h, 0)|
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= [((8:, f (x. y2) = 8z, f(x, )0, )|
< Clyz = yila min(101s k1.2, 1012114,

using the Holder inequality and by the boundedness of the first-order partial derivative

0z, f (21, 22)-
Alternatively,

[@x.0.0(32) — Dx.0.0 (YD < Clyr — y1 |L3|9|L% |28

Thus (14), and consequently (15), are satisfied, for an appropriate choice of the parameters.
This concludes the proof of Lemma 5.3. [

Lemma 5.4. Let y € (0, Ymax)- For all k € (0, Ymax — V), there exists C,, . € (0, 00) such that
forall x,y,0 € H, then

(D, B(x, y,0), h)] < Cy o (14 (=AY ¥ x[3s + (=AY ¥ ylr5)
min(|(=A4)" 2614 (=A) 7 A2, [(— A 501,21 (—A) VR4 ).

Proof. Let x, 6, h be fixed. Proceeding as in the proof of Lemma 5.3, for all y;, y, € H,
|¢2.0.0(32) = bron (D] = [{(3cf (X, y2) — 0 f(x, y1)) I, 0)]|
= [{(0x f(x, y2) = B f(x, y1))6, h) |,

thus, thanks to Holder inequality and to the first inequality in Proposition 2.1, it is sufficient
to consider

(=AY T2 (3, £(x, y2) — 35 f(x, YD) 4
< Cpae(L+ (=AY 3118 + (=AY 3] (= A (y2 — yp)l s,

thanks to the second inequality of Proposition 2.1. It remains to use Assumption 2.8 to conclude
the proof of Lemma 5.3. [

Finally, it remains to state and prove a result, Lemma 5.5, concerning the second order
derivative.

Lemma 5.5. There exists C € (0, 00) such that for all x € L? y,0 € L* and hy, hy € L3,

|D20Cx, y,0).(h1, o)l = CC1+ Iyl min (1614l Al o, 1612 s ol s ).

Proof. For all x, 6, hy, h», the function y +— Df P(x,y,0).(hy, hy) solves the Poisson equation
—L(D}(x, -, 0).(h1, hy)) = &) 4 1)

where ¢a(c2,()9,h1,h2(y) = (D(F(x, ) — F(x)).(hy, h2), 0). It is straightforward to check that qﬁf)&h
is an admissible function (thanks to Assumption 2.3, f is of class C* with bounded derivatives
of order 1,...,4).

For all y;, y, € H, using the boundedness of the third-order derivative 3 f and the Holder
inequality, one obtains

19 1202 = % 4 iy O] = Clya = 1l s min(161] 4l ol o, 10120 s ol s ).

Thus it remains to apply Assumption 2.8 to conclude the proof of Lemma 5.5. O
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6. Proof of Theorem 4.5

The goal of this section is to provide a proof of Theorem 4.5, i.e. that under Assumption 4.1,
the strong order of convergence in the averaging principle is equal to %

Let T € (0, c0). Thanks to Assumption 4.1, let also ¥ € (1 — ¢max, Ymax)> € € (0, Ymax — ¥)»
and let the initial conditions xy and yy satisfy |(—A)1‘Vx0|Lg + [(—A) T y|,8 < o0.

Introduce the auxiliary function §F(x,y) = F(x,y) — F(x). Thanks to the mild formula-
tions (16) and (23), the following decomposition of the averaging error is obtained:

X)) —X@t) = / eI (F(X(s), Y(5)) — F(X(s), Y¥(s)))ds
0

+ / IS F(X(s5), YE(s))ds.
0

Recall that F is globally Lipschitz-continuous, owing to Assumption 2.3. The mean-square
error is then bounded from above as follows:

Blx‘w - Xof <[] [ I (O, Y4 (5) = FORG), V()| ]
+ 2]EH /0 NS E R (s), Yé(s))ds‘z]
<or | B[l (FOX(s), Y<(s) — FOX(s), V() s
+ ZIEJ[( /0 NS E R (), Y (s))ds, /0 LA ER (). Yé(r))dr)]
<CT /(;I]E’Xé(s) — X(s)|ds
+4 fo t / lE[(e("”ASF(Y(s), Ye(s)), e S F(X(r), Yf(r)))]drds.

Let 6,,(r) = e®S™MA§F(X(s), Y¢(s)). Observe that 8,60, ,(r) = —A6;,(r). Using the
definition (31) of @, considering the quantity E®(X(¢), Y<(t), 6,,(t))—ED(X(s), Y(s), O5.,(s)),
and applying the It6 formula, one obtains

/ E[(e(t’s)AéF(Y(s), Y<(s)).e" A F(X(r), Ye(r))>]dr

=/ E[-L&(X(r), Y(r), 0,,(r))]dr
=TZi(s, 1)+ I5(s, 1) + I5(s, 1),

where
Zi(s, 1) = eED(X(s), YE(5), 0,,(s)) — €ED(X(2), Y(2), 0,.,(1)), (32)
IG5, 1) = —e / ]E[@(Y(r), YO, Aes,,(r))]dr, (33)
TS, 1) = € / E[Z@(Y(r), YO, 95,,(r))]dr, (34)

where £ is the infinitesimal generator associated with the averaged equation (22), see (25).
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For future use, a more detailed decomposition of the third term is introduced: Z5(s, t) =
I;l(s, 1)+ I§‘2(s, 1) + I3 5(s, 1), with

I5 (s, 1) :e/ E(F(X(r)), Dy ®(X(r), Y(r), 0s,,(r)))dr (35)
Z5 (s, 1) =e/ E(AX(r), Dy ®(X(r), Y(r), 0,,(r)))dr (36)
IE 45, 1) = % / ]ETr(QD)%@(Y(r), YO, G‘Y,t(r)))dr 37)

Lemmas 6.1, 6.2 and 6.3 state the necessary estimates in order to conclude the analysis of
the strong error. Observe that Assumption 4.1 is only used effectively in Lemma 6.3.
Lemma 6.1. There exists C(T) € (0, 00), such that, for all € € (0, 1),

sup  |Z{ (s, )] < C(De(1 + |x0l2, + [yol3,).

0<s<t<T

Lemma 6.2. There exists C(T) € (0, 00), such that, for all € € (0, 1),
1
sup (1 — 8)Z|Z5(s, )] < C(T)e(l + [xol7, + Iyol2,).

0<s<t<T
Lemma 6.3. Ler Assumption 4.1 be satisfied, and let y € (1 — 0max, Ymax) and k € (0, y).
There exists C,, (T) € (0, 00) such that, for all € € (0, 1),

sup  (t — )’ T2(Z(s, 1)

O0<s<t<T
< Cp o (Me(1 + 1(=AY ¥ x0l75 + [(=A) ™ yol35)
1
x (14 1(=A)"7xol.8 + Mi_y5(02) + Tr(Q)).

The proofs of the three auxiliary lemmas above are provided below, then the proof of
Theorem 4.5 is concluded.

Proof of Lemma 6.1. For r € {s,t}, note that E|6;,(r)|7, < C,(1 + |xol3» + Iy0l7,),
for all p € [2,00) since F has at most linear growth, and thanks to moment estimates, in
Proposition 3.3 and in Assumption 2.7. Thus, thanks to Lemma 5.1.

E[S(X(r), Y(r), ()] < C(1+ EIY(r)122))(EIG, . ()[2)?
< C(1+ [yol2)(1+ xol 2 + Iyol2),

which concludes the proof. [

Proof of Lemma 6.2. For r € (s, t), using Lemma 5.1, and Assumption 2.7,
— 1
E|D(X(r), YE(r), Aby,(r)] < C(1 + |yol 2)(E| A, (r)]3,)?
< CllA® 7 pp2. (1 + [x0l72 + [yol72)-
Using twice the regularization property (3) of the semigroup, one has
t T
e 1o Lo
/ [Ae® DA 2 p2ydr < /0 I(=A) 2" 2. 12ydr (= A)2e" 4| 2 12
s

< C(T)(t —5)°2.
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Thus one obtains
1
(t —5)21Z5 (s, )] < C(De(l + [x0l2, + [y0l32),

which concludes the proof. [J
Proof of Lemma 6.3. First, Lemma 5.3 yields

Z5,1(s, D] < E/ E[(1+ 1Y) ) F (X)) 14165, ()] 2 Jdr

1
< Cre(l + |yol,4)(1 + |xol L) (El6s(r)]3,)?
< Cre(l + |xol74 + 1yol7),

using the moment estimates, in Proposition 3.3 and in Assumption 2.7, and the estimate given
in the proof of Lemma 6.1.

Second, let y € [0, Ymax), and & € (VYmax — ¥)- Thanks to Lemma 5.4, and Holder inequality,
one obtains

IZ5 55, 1)] < Ce / EI(—A) X () [12) 5 EI(—AY20,,(r)];4)2

(1 + EI(—A) X )y0)F + EI—AY V@) s)4)dr

K = 41
< Ce(t — )77 2(1 + |xol4 + |yol4) sup (E|(—A)' yX(F)ILz)‘l‘
rel0,7T]

LN
(14 [(—A)" yolzs + sup (EBI(—AYX()];5)7).
rel0,7T]

Observe that the conditions on y and « above imply that y 4« < 1 — y. Using the moment
estimates in Proposition 3.3 and in Assumption 2.7, one obtains

€ —y—K _ 3 K 3
1Z55(5. ] < Cpueret — )77 2(1+ [(—A) 7 xolys + (=AY ™ yol1s)
1—-y 1
x (L+(=A)" " xols + Mi_, 5(02)).
It remains to deal with the trace term, I§,3. Using Lemma 5.5 and Assumption 2.6,

IZ536. 01 < Ce |3 qul D2 (). YE(W). 650G )-(fur filldr

S neN

= Cézqnlfn@/ (18, (N4> (1 + E[Y(r)20)2)dr

neN
< CeTr(Q)(1 + [x0l74 + [y0l74)-
Gathering the estimates on |Z5 (s, 1), |Z5 ,(s, )| and |Z5 5(s, 7)| then concludes the proof of
Lemma 6.3. [
Remark 6.4. The assumption that Tr(Q) = ),y ¢ is finite may be removed, using further

regularity properties of the second order derivative D2 ®.

We are now in position to provide the proof of Theorem 4.5.
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Proof of Theorem 4.5. Gathering estimates from Lemmas 6.1, 6.2 and 6.3, gives

E|X<() - X(0)|2, < CT/0 E|X(s) — X(5)|}2ds +/O (1Z5(s, D] + 1Z5 (s, 1)
+ |Z5(s, )] ) ds

t
< CT/ E|X“(s) — X(5)|22ds + C(T, xo, o)
0

x (Tr(Q) + My, 5(Q7, T))e.

It remains to apply the Gronwall Lemma to conclude the proof. [J

7. Proof of Theorem 4.7

The goal of this section is to provide a proof of Theorem 4.7, i.e. that in the very regular
case, under Assumption 4.1, the weak order of convergence in the averaging principle is equal
to 1.

Let T € (0, 0o). Thanks to Assumption 4.1, let also ¥ € (1 — &max> Ymax)> € € (0, Vmax — ¥),
and let the initial conditions xo and y satisfy |(—A)! = xo|.s + [(—A) T yo|.s < 00.

A key tool in the analysis is the function u defined below:

u(t, x) = E[p(X " (1)]- (38)
Note that u is the solution of the Kolmogorov equation
du = Lu,

with initial condition (0, -) = ¢, where L is the infinitesimal generator associated with the
averaged equation (22), see (25).

To deal with this infinite dimensional PDE, usually an auxiliary approximation procedure is
employed, see for instance [6], in order to justify the computations. To simplify notation, this
is omitted in this manuscript.

The regularity properties stated in Proposition 7.1 play a fundamental role in the analysis
of the weak error below. When the auxiliary approximation procedure mentioned above
is explicitly written, the upper bounds are meant to be independent of the approximation
parameter.

Proposition 7.1 (Regularity Properties of the Derivatives of u). Let ¢ be a nice test function.
For all B € [0, 1), there exists Cg(T) € (0, 00), such that for all t € (0, T], and x,h € L?

|D.a(t, x).(—~AY'h] < Co(T)r P Il 2. (39)

For all By, B, € [0, 1) such that By + B> < 1, there exists Cg, g,(T) € (0, 00), such that for all
t€(0,T), and all x, hy, h, € L?,

|DZu(t, x).(—AP by, (—AP2hy) | < Cpy 5y (Tt PP | 2B 2. (40)

In addition, for py, p2, p3 € [2, 00) such that 1 = p—ll + p—lz —|—p—13, there exists Cp, p,.p; € (0, 00),
such that for all t € [0, T], and all x € L2 hy € LP', hy € LP? and hy € LP3,

|DJu(t, x).(h1, ha, ha)l < Cpy o ps (D111 2l oo |3 s - (4D)
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Regularity properties for infinite dimensional Kolmogorov equations, as stated in
Proposition 7.1, are now a classical tool in the analysis of parabolic SPDEs. We refer to [8]
for a reference textbook and to [6] for a recent overview of this topic and for further results.

Proof of Proposition 7.1. The proof is based on computing the derivatives of u in terms
of tangent processes, which are solutions of PDEs with random coefficients (noise is additive
in (22)). See for instance [8] where such computations are justified in a general setting.

e The first-order derivative is expressed as follows:
Dyii(t, x).h = E[{De(X" (1)), 1" 1))],
where the process (nh (t)) ,~o Solves the linear evolution equation
dn"(t) = An"(t)dt + DF(X " (1))dt

with initial condition 7"(0) = h. The unique solution of this equation is rewritten in a
mild form as follows: for all t > 0,

t
n"(t) = e h + / e"ADFEX (5)).0" (s)ds.
0

The operator F is globally Lipschitz continuous due to Proposition 3.2, and using the
regularization property (3) of the semigroup, one obtains, for all p € [2, co) and for all
te(0,T],

" Ol < Cppt P I(=A)Phl 2 + /O 6l ads
Applying the Gronwall Lemma yields

"l < Cpp(DtPI(=A) P hlpp.
Since ¢ is a nice test function, one obtains

| Dyii(t, x).h] < CE[In"(0)],2] < Co(DtP|(=A) b2,

hence (39).
e The second-order derivative is expressed as follows:

DZu(t, x).(hy, hy) = E[{De(X " (1)), ¢"1"2(1)) ]
+E[D?o(X" (s).(" (1), n"2(1))],
where the process (¢"12(1)),_, solves the linear equation
dehhe ey = Achh(n)de + DF(XT (0).c" "2 (6)dt + D*F(X (1)).(n" (1), n"2(1))d1,

with initial condition ¢"1-%2(0) = 0. The unique solution of this equation is rewritten in a
mild form as follows: for all t > 0,

ghihe ey = / IADFEX (5)).£" "2 (s)ds + / IADTEX (5)).(n" (5), 12 (s))ds.
0 0

First, ¢ being a nice test function, one obtains

E[D*o(X " (5)-(n" (1), n"2(t)] < CE[In" ()] 210" ()12 ]
< Cpy o (T PP (= A) Py | 2| (—A) P2 2.
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Second, thanks to (19) and (20), and using the inequality (7), one obtains, for x €
©0,1-9),

t
lcM2 (1)) 2 < C/ lc"12 ()| 2ds
0
t y _
+ f (t —s) 5 |ID*F(X (s).(0"1(s), n"2(s))| 1 ds
0
t
< C/ |12 (5)) 2ds
0
t
+ Cpy.p,(T) / (t — 5)" 5 s P Prds|(— Ay Prhy | 12| (= A) P2y 2
0

t
<C / 1c"2 ()| 2ds + Cpy gy (T(=A) Py |2 1(—A) P2 ha) 1
0

< Cpy 5 (DI=A) P11 2[(=A) P20 2,

using the Gronwall Lemma to obtain the last inequality. Thus, since ¢ is a nice test
function, one obtains

IE[(De(X" (1)), ¢"1"2(t)]| < Cpy 5 (DI(=A) Py | 2 1(—=A) P2k 12

Gathering the estimates finally yields (40).
e The third-order derivative is expressed as follows:

D3u(t, x).(h1, hy, h3) = E[(Dp(X" (1)), £ (1))

+ Y GE[D? (X (). 70 70 1), o0 (1))]

0eS3

+E[D*(X" (0).(0" (1), n"2(6), "2 (1)),

where &3 is the set of permutations of {1,2,3}, ¢, € {0,1}, and the process
(Shl’hZ’h3 (t)),>0 solves the linear equation

dgmhs gy = At (nde + DE(X (1) (ndr
+ Y o DPE(X ()¢ 70 @ (1), o0 (1))d1

U€63
+ D3FX(0)).(0" (1), 02 (), 03 (1))

with initial condition &”1-#2:#3(0) = 0. The unique solution of this equation is rewritten
in a mild form as follows: for all r > O,

t
%‘hlth’h3 ([) — / e(tfs)A DF(YX(S)).EhI,thu (s)ds
0

t
+ 2 ¢ f I DXE(X (5).(g 0 (s), o (s)dss
0

0eS3

+ f eIADIEX (5)).(n"1 (5), 12 (s), "3 (5))ds.
0
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Since ¢ is a nice test function, using the estimates above for n”(¢) and ¢"1"2(¢), one
obtains

[E[D2p(X" (1)).(¢ o0 o (1), phoei(2))]| < E[|¢ o0 @ (1)] 12 |5 (1)) 2]
< C(DE|h|2|ha 21 k3] 2

[E[D*o(X" )" (1), "2(1). "3 @)]| < CE[1n" )] o1 102 @) o2 10" )]s |
= C(D)lhilpr|halpea b3l prs -
In addition, one has
[E[(De(X" (1)), §" "2 0)]| < CE[E" 23] 21,
where, using the mild formulation, the estimates from Proposition 3.2 on derivatives of

F, and the inequality (7), one has

t
gl = C [y
0

t
FC X e [ @9 b e o) s
0

UGG;

t
d_,
+CK/(f—S) M) o 0"2(8)] o 03 ()] o3 ds
0

t
e / NS () Lads + Clin |2 hal 2 sl 2
0

+ Clhilprilhalpe |h3]pes,

with 1 = % + é + é. Applying Gronwall Lemma then yields (using the condition

P1s D2, p3 = 2)
("2 (0] 2 < Clh | 1ol oz sl s
and gathering the estimates then concludes the proof of (41). O

For the analysis of the averaging error, in the weak sense, the fundamental object is the
auxiliary function v defined by

v(t, x,y) = @(x, y, D,u(t, x)), 42)

where the first order derivative D,u(¢, x) is interpreted as an element of L2,
By construction, v(t, x, -) is the solution of the Poisson equation (31) with 6 = D, u(t, x),
i.e. one has the fundamental identity

— Lo, x,y) = (F(x, y) — F(x), D,u(t, x)). (43)
For all y € L?, denote by £, the infinitesimal generator given by

1
Lyg(x) = (Deg(x), Ax + F(6, ) + 5> an D30 (x, 3)-(fis 1),

neN

for functions ¢ : x € L? — ¢(x) € R, depending only on the slow variable x.
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Applying the 1t6 formula, the weak error is written as

Elp(X(T)] = Elp(X(T))] = E[@(0, X*(T))] — E[@(T, X(0))]

T
= / E[—0,u(T —t, X(1)) + Lyeu(T —t, X*(1))]dt
0
T
= /0 E[(Lyeq — Lu(T —t, X (1))]dt

T
=/0 E [ (F(X(0), Y1)
— F(X“(1)). D,u(T —t, X(1))) ] dt
T
=/ E[—Lv(T — 1, X(1), Y(1))]d1,
0

thanks to the identity (43). To exploit this formula for the weak error, note that the It6 formula
applied with the function v yields the identity

E[v(0, X(T), Y(T))] = E[v(T, X°(0), Y*(0))]
+ /OT E[(Lyew + éL — 0)u(T — 1, X(1), Y<(1))]dt.
As a consequence, the weak error has the following decomposition
Elp(X(T)] = Elp(X(T)] = Jf + J5 + T3, (44)

where

Ji = €(Elu(T, X(0), Y(0))] — E[v(0, X“(T), Y(T))])

T
IS = —e/ E[3,v(T — 1, X“(1), Y (1))]d1
0

T
Ji—e f E[Lye(T — 1, X(1), Y<() .
0

and the third expression is decomposed as J;y = J5 | + J5, + J5 3, Where
T
T51 = 6/ E[(F(X (), Y(1)), Dv(T — 1, X“(1), Y<(1))) ]dr
0
T
Tip=¢ / E[(AX“(0), Dxo(T — 1, X(1), Y*(1)))]dr
0

T
T3 = gfo E[) " quD2u(T —t, X(t), Y(0))-(fur fu)]dt.

neN
Theorem 4.7 is then a straightforward consequence of the three auxiliary results stated below.
Lemma 7.2. There exists C(T) € (0, 00), such that, for all € € (0, 1), and all xy, yo € H,
IT¢ | = C(T)e(l + [yol2)-

Lemma 7.3. Let k € (0, Ymax)- There exists C,.(T) € (0, 00), such that, for all € € (0, 1), and
all xy, yo € H,

|75 | < Ce(Te(1 + Tr(Q))(1 + (=AY xoljs + I(—A)Zkyolizt)-
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Lemma 7.4. Lety € (1 — tmax, Ymax) and & € (0, Ymax — V). There exists C,, (T) € (0, 00)
such that, for all € € (0, 1), and all xq, yo € L3,

1751 < Cy(T)e(1 4 [(—AY P xol7s + (=AY yol75)
s (14 1(=A)" 7 xol 14 + Tr(Q) + My 4(Q2, T)).

Note that Assumption 4.1 is only required in Lemma 7.4.
Proof of Lemma 7.2. Thanks to Lemma 5.1 and Proposition 7.1, for all t € [0, T], x, y € L2,
v, x, y)I = 19(x, y, Dcu(t, x))| = C(A + [yDIDyu(t, x)| 2 = C(T, @)1 + [yl2).

Combined with Assumption 2.7, this estimate concludes the proof of Lemma 7.2. O

Proof of Lemma 7.3. Since the mapping 6 € H — &(x, y, 6) is a continuous linear mapping
(thanks to Lemma 5.1), one has the following expression (justified below)

ov(t, x,y) = @(x, v, 0, D, ul(t, x))

45
= @(x, y, O4(t, x)) + @(x, y, O, x)) + @(x, v, 93(t,x)), 43)
where
(61(t, x), h) = (Ah + DF(x).h, D,u(t, x)), (46)
(6s(t, x), h) = D*u(t, x).(h, Ax + F(x)), (47)
1
(Os(t,x), h) = 2 3 quDIT(t, ). fos fur 1)- (48)

neN

Indeed, the quantity Ul(t, x, h) = D,u(t, x).h can be expressed as
U, x, 1) = E[(Dp(X (), 0" ()],

with dn™"(t) = An*"(t)dt + DF(YX(I)).nX’h(t)dt and 7*"(0) = h (where dependence with
respect to x is indicated), see the proof of Proposition 7.1. Consider the auxiliary Markov
process defined by XEh(t) = (Yx(t), nx’h(t)), with generator given by

Lo(x, h) = Lp(x, h) + (Ah + DF(x).h, Dyd(x, h)).
Then applying the It6 formula yields the identity

3 (Du(t, x).h) = 3,U(t, x, h)
= LU(t,x, h)
= (Ah + DF(x).h, D,U(t, x, b))

+ DZa(t, x).(h, Ax + F(x)) + % > DI, X).(fu. fu 1),
neN

and it remains to observe that D,U(¢, x, h) = D, u(t, x) to conclude the derivation of (45).
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Let « € (0, 1). Thanks to (39), one has
[(O1(t, ), h)| < Ce(T ™| (= A) Rl 2,
which implies [(—A)™“O;(t, x)|;2 < C.(T)t~'**_ Thus, thanks to Lemma 5.2,
| 2(x, , 61, )| = CelT) ™ (1 4+ 1(— AP x4 + (= A yI}4).
Thanks to (40), one has
|02(t, )| 2= sup  [(Oa(t, %), h)| < Cel(T) (1 + |(—A) x| 2).

heLz.lh\ngl
Thus, thanks to Lemma 5.1,
|8(x, 5, Oat, 1))| < C(TH™ (1 + [(= A x[ 72 + [¥172).
Finally, thanks to (41) and Assumption 2.6, one has, for all & € L2,

(O3t x), W) < C(T) Y gl fu Bl 2 < C(TYTH(Q) ] 2,
neN

e |65(t,x)|2 = SUPper2 a5 <1 [{Os(t, x), h)| < C(T)Tr(Q). Thus Lemma 5.1 yields
|®(x, y, 651, x))| < C(TTH(Q)(1 + |y],2).

Gathering the above estimates then yields, if 2k < Yax,
T
5] < CulT)e / (17 PB4 (A X (Ol + [(— A Y04 )dr
0

K K 2 K 2
< Ce(MeT*(1+ Tr(Q))(1 + I(—A)*x0[ 14 + [(—A)*yol14)-
This concludes the proof of Lemma 7.3. [
Proof of Lemma 7.4. Note that the first-order derivative of v with respect to x satisfies the
following identity:
(Dyv(t,x,y), h) = ®(x, y, Dju(t, x).(h, ) + (D &(x, y, Dsu(t, x)), h).

Observe that |Df.ﬂ(t, x).(h, )|;2 < Clh|2, thanks to (40), with B; = B, = 0. Then, thanks to
Lemmas 5.1 and 5.3, one obtains

(Dyv(t, x, y), h)| < C(L+ |y|2)|DFu(t, x).(h, )2 + C(+ |yl 4)| Diu(t, x)| 2|k 4
= CA +ylpo)lhlza.
Since F has at most linear growth, using moment estimates then yields
E|T5, | < C(T)e(l + |xol74 + [yol7)-

To treat the second term, J5,, observe that |D2u(t, x).(h, )| ;2 < Cet (=AY 4R 2,
for all k¥ € (0, 1], thanks to (40). In addition, |(—A)!~* D,u(t, x)|,;2 < C,t~'**, thanks to (39).
Then, thanks to Lemmas 5.1 and 5.4,

(D.v(t, x, y), h) < Ce(l+ [yl 20t (= A) %R 1
+ Cp (14 (=AY x |75 + (=AY T y[2s)t 7 =5 (= A) 7 hl 4,

where Y < Ymax and k € (0, Ymax — ¥)-

Please cite this article as: C.-E. Bréhier, Orders of convergence in the averaging principle for SPDEs: The case of a stochastically forced slow
component, Stochastic Processes and their Applications (2019), https://doi.org/10.1016/j.spa.2019.09.015.




28 C.-E. Bréhier / Stochastic Processes and their Applications xxx (xxxx) xxx

As a consequence

1

T
5,1 < Cee / (1+ E|Y€(r)|iz)f(E|(—A>KXG(t)|iz)%<T — 1) *ar
0

T 1
+ C, e / (14 E[(—A) ™ X015 + (A YD)]}5)?
0

1 «
s (E[(— A X (0)]34) (T — )7~ 4dt.
It remains to use the condition that y € (I — &max, ¥Ymax), thanks to Assumption 4.1. Note that
Y 4+ K < Ymax < % < 1 — y. Finally, thanks to moment estimates,
o 12 . 2 _ 1
1Tl < Cpe(1H1(— A x| s +1(—A) T yolys) (141(—A) 7 xol 4+ Mi—y 4(Q2, T)).

It remains to deal with the third term, [J5 ;. Note that the second-order derivative of v with
respect to x satisfies the identity

Dv(t, x,y).(h, h) = ®(x, y, Dju(t, x).(h, h, -)) + 2(D, ®(x, y, Diut, x).(h, ), h)
+ D} 9(x,y, D,u(t, x)).(h, h).
First, observe that |D)3Cﬁ(t,x).(h,h,k)| < C |h|2L4|k| 12, thanks to (41). Equivalently, this

means that |Diﬁ(r, x).(h, h, )2 < C|h|2L4, then Lemma 5.1 yields

|@(x, y, DJu(t, x).(h, h, )| < C(A + |yl 2|7
Second, thanks to Lemma 5.3,
Dy ®(x, y, DYu(t, x).(h, ), b)| < C(+ |yl )kl | DFa(t, x).(h, )] 2
< C(1L+ |ylga)lhl7a.
Finally, Lemma 5.5 and (39) yield
|D2®(x, y, Dy, x)).(h, h)| < C(1 + |yl )| Dyia(t, x)| 21h17g < C(1+ |yl a)lhl}g.

As a consequence, one obtains

T
1750 = |3 /O > GE[DA(T — 1, X0, YO f)]dt]

neN

T
= Ce anlfnligfo (1 + EY(0)]4)dt

neN
= C(M)T(Q)e(1 + yol.),

thanks to Assumption 2.6, and a moment estimate, see Assumption 2.7.
Gathering the estimates for J5,, J5, and J5 ;, one obtains

L, 4 "
|T51 < Croce(1+1(=A) 7 Xol s + (=AY ™ yol7s)
1
X (14 1(=A) 7 x0l s + Tr(Q) + My, 4(Q2, T)).
This concludes the proof of Lemma 7.4. [

We are now in position to conclude the proof of Theorem 4.7.

Proof. Thanks to the decomposition (44) of the weak error, it suffices to gather the estimates
of Lemmas 7.2, 7.3 and 7.4 to conclude. [
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8. Proof of Theorem 4.8

This section is devoted to the proof of Theorem 4.8. Let Assumption 4.2 be satisfied. First,
let us justify the definition of

1 d 2
Omax = 5(1 - 5(1 - 5))

Proposition 8.1. Let Assumption 4.2 be satisfied. Then (9) is satisfied: for all o € [0, 0tmax),
all T € (0,00), and all p > 2,

M, ,(Q?,T) < oo.

Proof of Proposition 8.1. Let ¢ = ﬁ > 1, and note that 1 = % + %

Using the ideal property for y-Radonifying operators and the regularizing properties (3) of
the semigroup,

T
A LA 2 LA L2
/ lle"(— A)“Q ||R(L2 L,,)dtifo le2 (= A Nz Loyllez” Q2 2 Ldt

0
T
—2a A 2
fca,,,/o 2D que f)P] .

neN
Using the Holder inequality, for all £ € D, and all ¢ > 0,

S0l ) © < (Xat) (e ) @)°

neN neN neN

< csup (7)< ©) (S n)e)

neN

On the one hand, Assumption 2.6 and the property (5) of the kernel K imply that for all
EeD,

sup e f(&)] < / K, &, sup | fil o < C.
D keN

keN
On the other hand, (f,),_ is a complete orthonormal system of L2, hence

S ()@ = D (K E ). f)? = 1K E )

neN neN

_ / K, & n)dn
D

- c;—%/ K(t, & n)dy = Ci~%,
D

using the properties (5) of the kernel K.
Finally, for all # > 0 and all z € D, one obtains

_d
| D an(e S| p < €7,
neN

thus

T d
/ e (=AY Q2 Iy, pydt < C / (e,
0 0
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It remains to check that 2o — £ = 20 — %(1 — %) < 1 fora < opax = %(l — %

2¢
(1=2)-
This concludes the proof of Proposition 8.1. [

The approximation argument is based on the following estimate.

Lemma 8.2. Ler Assumption 4.2 be satisfied. For all a € [0, dmax), ¥ € [0, Ymax), such that
a>yanda+y <1, al T e (0,00) and p > 2, there exists Cy,, ,(Q,T) € (0, 00), such
that for all § € (0, 1),

e Q) + Mi_y (¢ Q2. T) < Cay p(Q, TS (49)

Proof of Lemma 8.2. First, note that
1 I 1
Mi_, (@02, T) < (=)' 7" ciwp 10y My, ,(02, T),

and that [[(—A)'7Y €| zrr,1ry < Cq,, 8771, in the regime o +y < 1.
To deal with the trace term, we use the Holder type inequality for Schatten norms || - || Lo(L2)
with parameter o € [1, 0o], see for instance [24, Corollary D.2.4, Appendix D]. One obtains

28A 25A 28A
Tr(e™" Q) = |le Q”LI(LZ) <lle ||£§(L2)||Q||LQ(L2)’
2

where 1 = 5 + é By assumption, [ Q|l¢, 2 < oc. In addition,
§

284S 28A (S —2¢8A, -4
107 2y = D 1€ enlie = ) e = €87,
neN neN

. 2 .
using A, ~p—o0o cqnd. Indeed, assume that § € [ﬁ, m], with N € N, N > 2. Then, for
some ¢ > 0, a comparison argument between a Riemann sum and an integral yields
2/d

okl | e o2
Ze—ZgSAn < Ze N7 — N x ¥ Ze N2

neN neN neN

+00
<N e~ gy < C—,
= 0 = Y sd2

. . . . _d . . . . .
where in the last inequality the condition N — 1 < §~2 is used. Since N is arbitrary, this

concludes the argument. As a consequence,
d
Tr(eZtSAQ) < Cgs*z — Cgazamax—] < C§82a—l’
using the definition of o, = %( — %’(l — %)) = %(1 — %)
Finally, one concludes using 2o — 1 <o +y —1<0. U

The result of Lemma 8.2 motivates the introduction of the following auxiliary SPDE
1 1
problems, where Q2 is replaced by e’ Q2. For all § € (0, 1) (this parameter will be chosen

below), X§ and Y(g are solutions of
dX§(t) = AX§(t)dt + F(X5(1), YE(1))dt + A dW (), (50)
dXs(t) = AXs()dt + F(X(0))dt + 4dW2 (1),

with initial conditions X§(0) = X5 = xo.
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Then Theorem 4.8 follows from Lemmas 8.3 and 8.4 stated below.
First, thanks to Lemma 8.2, the strong and weak convergence results, with orders % and 1,
from Theorem 4.5 and 4.7 may be applied when considering the auxiliary processes X§ and

X5 defined by (50).

Lemma 8.3. Ler Assumption 4.2 be satisfied. Let T € (0, 00), and assume that the initial
conditions xg, Yo, satisfy

(=)' " xol 5 + 1(=A) Tyl 5 < 00,

with y € (0, Ymax) and k € (0, Ymax — ¥)-

Let ¢ be a nice test function.

For all a € (0, amay), there exist Cy (T, xo, yo, Q) € (0, 00) and Cq (T, x0, ¥0, Q, @) €
(0, 00), such that for all € € (0, 1) and § € (0, 1),

l—a—y 1
2 €2

— 2 1 _
sup (EIX5(1) — X5(1)];2)? < Capy (T, X0, yo, Q)8
t€[0,T]

and

sup. IE[p(X5(t)] — Elp(Xs(t)]| < Co., (T, X0, yo, Q, 9)8 174 e,

Second, the distances between X§ and X¢, and between X;s and X, are estimated in the
following result, using standard arguments.

Lemma 8.4. Let Assumption 4.2 be satisfied. Let T € (0, 00), and assume that xy € L? and
yo € L% Let ¢ be a nice test function. Let o € [0, amax). There exist Co(T, X9, Yo, Q) € (0, 00)
and Cy(T, x9, yo, Q, ¢) € (0, 00) such that for all € € (0, 1) and § € (0, 1), one has

€ € 3 Y Y 2\3 a
sup (E|X5(1) — X(0172)7 + sup (EIX5(1) — X(1)]}2)? < Co(T, x0, yo, Q)87
t€[0,T] t€l0,T]

and

sup |E[p(X5())] — Elp(X ()] + sup |E[p(Xs(1))] — Elp(X ()]

1€[0,T] te[0,T]
< Co(T, X0, Yo, Q, 9)8>.

Proof of Lemma 8.3. This is a straightforward application of Theorems 4.5 and 4.7 combined
with Lemma 8.2. O

Proof of Lemma 8.4. Consider first the estimates of the strong error. Since the nonlinear oper-
ators F and F are globally Lipschitz continuous, it is sufficient to prove the following estimate:

t t
E|/0 1IN — 1)aW O (s)]ads Zfo et (e = I)Q%”%(LZ,LZ)“’S

< e = DA% 212

t
1
X f ||ESA(_14)OZQ2 ”%?,(Lz,[,z)ds
< C 5 0200, T,

and the strong error estimates are straightforward consequences of the Gronwall Lemma.
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It remains to prove the estimates of the weak error. Since the argument is the same for both
estimates, we only deal with the second one. Note that

Elp(X5(1)] — Elp(X(1))] = E[@(0, X5(1))] — E[a(t, X50))],

where u is defined by the expression (38). Observe that, even if Assumption 4.2 is satisfied
instead of Assumption 4.1, the regularity estimates on spatial derivatives of u stated in
Proposition 7.1 remain valid without modification.

Using It6 formula, one obtains

Elp(X5(t)] — Elp(X ()]

=E / Yo (D — 5. XD fr ™ )
0

neN

= Dt — 5, Xs()-(fos £) ) ds
-E f (Tr(Dzﬁ(t — 5, Xy(s))e? Qe) — Tr(D(r — s, 75(S))Q)>ds
0
= IE/ Tr(Dzﬁ(t -5, Y(;(s))(e‘SA — I) Qe‘m)ds
0

+ IE/ Tr(D*u(t — s, X5(5)Q(e** — I))ds,
0

where D?u(t, x) is interpreted as a bounded, self-adjoint, linear operator from L? to L?, instead
of a symmetric, bilinear form on L2, using Riesz Theorem: for all 4 € L%, D*u(t, x).h € L?
is characterized by

(D*u(t, x)h, -y = D*u(t, x).(h, -).

Let o € (0, omax) and k € (0, apmax — @). Then, using the Holder type inequality for Schatten
norms, forall 0 <s <t < T,

|Te(D%u(t — 5, Xs5(s))(e** — 1) Q)| = [ D*u(t — 5, Xs(s))(e** — 1) QeI 2, 12,
< 1Dt — 5, Xs()(—A) "I car =AU = Ml 121 Qll 2, 12),
2

where 1 = %—}— % By assumption, one has ||Q||;, < oo. In addition, thanks to Proposition 7.1,
2
one has

I D*u(t — 5, Xs()(—A)' "l 12y = 1Dt — 5, Xs(sN(—A)' "> (12,12
< Clt — )12,

Finally, (—A)~'"*2<(I — ¢°4) is a self-adjoint, compact, linear operator, thus, for o < %, using

the standard inequality 0 < 1 — e~ < 2!=*x* for all x € [0, oo), with x = A,,8, one has
_ AV 12« _ L0AN|S _ —(1-26)s 1 _ ,—6An\¢
=) = o= D05 = e
neN
< Ca82a§ Z A—(I—ZK—Za)g
=< " .
neN

Finally, with the condition o +x < max = %(1 — %), one has (1 — 2k —2a)g > %, thus (using

)\’;(172/(7201);‘

2
An ~ cqnd) one has ) < 00.
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Finally, one obtains
|Tr(D%u(t — 5, X5())(** — 1) Qe’*)| < Co8*(t — 5)7 1%,
and similarly
|Tr(D%u(t — s, Xs()Q(* — 1)) < Cu8™(t — 5) 2.
It is then straightforward to conclude that
|[Elp(X5(t)] — Elp(X(1)]| < Cad™.
This concludes the proof of Lemma 8.4. [J
We are now in position to provide the proof of Theorem 4.8, which consists in choosing §

in terms of € to maximize the order of convergence.

Proof of Theorem 4.8. Thanks to the strong and weak error estimates from Lemmas 8.3 and
8.4, one obtains, for all € € (0,1) and § € (0, 1),

J— 1 I—a—
sup (E[X() = X(DI;2) = Cay(T 30,30, (67 3 €2 +5%),
t€[0,T]

sup [E[p(X“ ()] — Elp(X)]| = Cuy (T, x0, 0. 0 ) (8717 e +5).
1€[0,T]
It remains to choose the regularization parameter ¢ in terms of €, in order to minimize the
right-hand sides in the estimates above. Choosing

8 =€ 1+o£7y ,
the two error terms are equal. Since omax — o and ymax — ¥ are arbitrarily small, the orders
of convergence can be rewritten in the form given by Theorem 4.8, in terms of the parameter
Bmax and this concludes the proof. [J

Remark 8.5. Let us replace Assumption 4.2 by the following condition: amax € [0, 1) is such

that for all & € [0, omax) and all p > 2, one has ||(—A)°‘_% Q% |2, Lry < 00. Then the results
of this section can be generalized as follows, using similar techniques. Lemma 8.3 holds true,
whereas Lemma 8.4 needs to be modified: the strong error remains bounded by C,48%, and
the weak error is bounded by C,8™"12®_ On the one hand, if apa < % the situation is the
same as in Theorem 4.8. On the other hand, if oy > %, the strong and the weak rates one
obtains using the approximation approach considered above, are max and z_amml(_l/max

1+emax —Ymax
respectively. This statement and the approach are not satisfactory in this case since the weak
order is not equal to twice the strong order anymore. Whether this issue can be fixed, and
whether the rates of convergence given above are optimal, are left for future works.

9. Efficient numerical approximation of the slow component

The objective of this section is to describe a multiscale numerical scheme (for temporal
discretization) for the approximation of the slow component X¢, in the regime ¢ — 0. This

task is challenging and crucial: indeed a direct discretization for the system (X ‘),Y 6(t)) =0

requires to choose a time step size & satisfying a condition # = o(e), since Y“(¢) = Y(t/¢).
Such a condition is prohibitive, and to circumvent this issue one may benefit from the averaging
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principle: when € — 0, it is more appropriate to approximate the solution X of the averaged
equation, for which the time step size Ar is not constrained anymore by the value of e.
However, at this stage, in general the averaged coefficient F is not known. Using for instance
the following interpretation of F(x),

_ 1 T
Flx) = / Fe, () = lim - / Fx, Y(t)dt,
—00 0

it suffices to estimate the averaged coefficient F(x) using a numerical scheme for ¥ with time
step size T (or equivalently a numerical scheme for Y€ with time step size § = te).

The resulting scheme belongs to the class of Heterogeneous Multiscale Methods, see [4]
and references therein. It consists of a macro-scheme combined with the use of a micro-
scheme at each step. It is crucial to note that the two time step sizes At and t may be
chosen independently when using such strategies. The multiscale scheme is closely related
to the averaging principle. Indeed, the analysis of the full error of the scheme requires as a
preliminary step to estimate the error in the averaging principle, using the main results of this
article given in Section 4. Finally, choosing some parameters of the scheme in an appropriate
way is shown to reproduce an averaging principle at the discretized level.

The construction of the multiscale scheme is presented in Section 9.1. An analysis of the
convergence of the scheme (using the results of Section 4) is provided in Section 9.2.

The setting is different from the earlier work [4]. On the one hand, it is simpler since the
fast component does not depend on the slow component. On the other hand, contrary to [4],
the slow component is driven by a Wiener process which changes orders of convergence of the
macro scheme and complicates the analysis. In addition, regularity of the processes X and Y
depends on the parameter o/ and Ymax.

9.1. Construction of the scheme

As explained above, the main parameters of the multiscale scheme are the macro-time step
size At > 0 and the micro-time step size T > 0. In addition, two other integer parameters
M and M, € {1,..., M} are used, in order to estimate the averaged coefficient in terms of
temporal averages along the micro-scheme, at each step of the macro-scheme.

In this section, to avoid cumbersome notation, precise regularity conditions, and dependence
in error estimates, on the initial conditions xg, yo are not indicated.

9.1.1. Micro-scheme

Let (Ynﬁ)mENO be computed using a numerical scheme ®° for the stochastic process
(Y(t))t>0. If this process is solution of a SPDE of the type dY () = AY(t)dt + G(Y (¢))dt +
dwi(t), this means that the scheme is of the form Y = @T(Ym, wi((m + D) — wq(mr)),
where the mapping @° depends on the chosen scheme.

First, it is assumed that, for all (sufficiently small) values of r > O, the discrete-time
process (Y,fl)mENO is an ergodic Markov chain. Let u* denote its unique invariant probability
distribution.

Even if the temporal discretization preserves the ergodicity of the process, in general u*
is not equal to . To estimate the error between u® and u, let 9,,x > 0 and assume that the
following estimate is satisfied: for all functions ¢ : L? — R of class C?, with bounded first
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and second order derivatives, and for every ¢ € (0, ¥.x), there exists Cy(p) € (0, 00) such
that

I/sod/f —fwdul < Co(p)T”. (51)

For instance, assume that the fast component is solution of a SPDE of the type dY(t) =
AY(t)dt + G(Y(t))dt + dwi(t), driven by a g-Wiener process. Then the parameter yp,x arises
from assumptions on the covariance operator g, and one checks that this parameter describes
the spatial and temporal regularity of the process Y: almost surely, the trajectories are y-Holder
continuous, for all ¥ € (0, Ymax)- In such situations, a standard numerical scheme has a strong
order equal to ymax and a weak order equal to 2ypmax, see for instance [6] or [29]. Thus in this
case, it is legitimate to assume that ¥ = 2y,.x. See [5] for a full analysis of the approximation
of the invariant distribution when ypm.,x = % and d = 1, i.e. when the fast process is driven by
space—time white noise.

For a given time step size v > 0, introduce the averaged coefficient F' with respect to the
probability distribution u*:

Fr(x):/F(x,y)dM’(y), Vx € L2 (52)

The mapping F'is globally Lipschitz continuous, uniformly with respect to ¢ > 0, owing
to Assumption 2.3. More generally, the estimates of Proposition 3.2 are also satisfied by F,
uniformly with respect to t > 0.

The error estimate (51) is generalized as follows: assume that, for all ¥ € [0, ¥,.x) and
ke@,1— ‘Z’), there exists Cy € (0, 00), such that

d — —T
sup [(—A) T+ *(F(x) — F (x))

xeL?

|2 < Cout’. (53)
To obtain (53) from the error estimate (51), it suffices to use a duality argument, and to
apply (51) with the test function ¢ = (h, (—A)_%_K (F — Fr)), which is sufficiently regular
using (7) and regularity properties of DF".

To state convergence results, some notation concerning the speed of convergence to
equilibrium is introduced. Let p : (0, 0c0) — (0, 00) be a non-increasing function, such that
p(t) =00 0. It is assumed that for every globally Lipschitz function ¢ : L?> — R, there
exists C(¢) € (0, 0o) such that

Blor})) - [ odic’| < Clpppt), (54)
and that

sup |E[F(x,Y})] = F (x)],» < Cp(m). (55)

xelL

The error estimates stated below depend on the following quantities,

1 M
R(M, Mo, 1) =~ ) p(m7), Ra(M, My, 7)
a m=M-M,+1
1
=5 > p((my — m))T), (56)

4 M—Mg+1<mj<my<M
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which depend on the auxiliary parameters M, (number of terms in the averages) and M
(maximal value of m in the average).

If it straightforward to check that, for fixed t, one has R{(M, M,, t) — 0 and Ry(M, M,, )
— 0 if M, — oo. In addition, R{(M, M,, t) — 0 if M — M, — oo. More precise estimates
are derived if the convergence is exponentially fast: when p(¢) = ¢~ for some ¢ > 0, there
exists C € (0, o0) such that for all M, < M and all T > 0, one has

Ce—c(M—Ma-H)r

RM,M;,7) < ————, RR(M,M;,7) < —.
i 2 Mt +1 2 °) Mt +1

9.1.2. Macro-scheme
We are now in position to define the macro-scheme, and the resulting multiscale scheme.

The guideline is to approximate the solution X(¢) of the averaged problem, instead of X¢(t),
owing to the averaging principle, and to estimate the error by Theorems 4.5, 4.7 and 4.8.

Set Y7, =Y., foralln € N, and m € {0, ..., M}. The macro-scheme is based on the
linear implicit Euler scheme: define
Xps1 = Sai(Xn + AtF, + AWR), (57)

where Xo = xo, Sar = (I — AtA)™!, AWE = WO ((n + DAr) — W9(nAr) are Wiener
increments, and with the following approximation of F(X,,),

M

- 1

F, = i E F(Xn, Y, ), (58)
4 m=M—M,+1

computed as a temporal average along the micro-scheme, depending on the parameters M, and
M.

9.1.3. Auxiliary processes

In order to analyze the multiscale scheme given by (57)—(58), and to give a clear discussion,
two auxiliary processes are introduced.

First, applying the same integrator as in (57), i.e. the linear implicit Euler scheme, to
discretize the averaged SPDE (22), set

Yn+1 = Sar (Yn + AIF(YV:) + AWnQ), YO = X0-

If the averaged coefficient F was known, this scheme may be used directly, without the need
to consider the multiscale scheme (indeed, the role of the micro-scheme is to provide an
approximation of the averaged coefficient).

The following strong and weak error estimates for the discretization of the averaged equation
are assumed to be satisfied: for all T € (0, 00), all & € [0, amax), and all test functions ¢ of
class Cf,

— — o1 .
sup (EIX(nA1) — X, )2 < Co(T) A ),
Osth_ o _ 59)
sup [Elp(X(nAn)] — Elp(X)]| < Cu(T, ) Ar™nCeD,
0<t<T
Indeed, observe that the trajectories of the process X are almost surely a-Hélder continuous, for
all @ € (0, min(e, %)). When applying a simple numerical scheme such as the linear implicit
Euler scheme, the strong and weak orders of convergence are directly related to the Holder
regularity of trajectories, see for instance [25,29,33] for references on numerical methods for
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SPDEs. The fact that the weak order is twice the strong order is expected, see for instance [6]
and references therein.

Second, recall that the invariant distribution ¢ of the discrete-time process is not equal to
u in general. Using the averaged coefficient F' defined by (52), set

dX' (1) = AX (t)dt + F (X (0))dt +dW2(r), X (0) = xo,
and the associated numerical discretization
Xy = Sau (X, + AF (X)) + AWE), X = xo, (60)

which also uses the same integrator as in (57).
9.2. Convergence of the multiscale scheme (57) —(58)

9.2.1. Error estimates

Proposition 9.1 states a general convergence result, depending on the parameters At, 7, M
and M, . To simplify the analysis, it is assumed that F' is bounded, however this restriction may
be removed by proving moment estimates for the numerical scheme.

Let Bnax = % when Assumption 4.1 is satisfied, whereas Bpx = T—-m&— when

I+amax —¥Ymax
Assumption 4.2 is satisfied, where the parameters on.x and Pmax are defined in
Asssumptions 2.6 and 2.7. Recall that in many cases, the order of convergence for the
approximation of the invariant distribution p using the micro-scheme (see (51)) can be chosen
equal to Pmax = 2¥max, however results are stated for a general value of Dyax.

Proposition 9.1. For all T € (0,00), all « € [0, dmax), ¥ € [0, Omax), and B € [0, Bmax)
there exists Cy 9 (T) € (0, 00) such that the strong error is of size

1 .
sup  (EIX, — X AN 2)? < Copp(T)(€F + Ar™@D 4 £7)

0<nAr<T
+ Conp (M) (VRIM, My, ) (61)
1
+ VAt ( i

In addition, for all test functions ¢ of class C2, there exists Cy p. s(T, @) € (0, 00) such that the
weak error is of size

sup |El@(X)] — E[p(X (nAt)]| < Cop.5(T, @) (e* + Ar™nC=D 4 77)
0<nAt<T

+VR(M My 7)) ) -

+ Conp(T ) ( RUM. My, D) (©2)
1
+ Mt(— + Ry(M, M,, 1) ) .
M,
Finally, for all test functions  of class Cg, there exists Cy(yr) € (0, 00), such that,

sup B0 )] = [ Wl = Cot(e” + o) (63)

neN

In fact, Proposition 9.1 is a straightforward corollary of Proposition 9.2, combined with
results stated above:

e Theorems 4.5 and 4.7, or Theorem 4.8, to deal with the error in the averaging principle,
which are the main results of this article,
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e strong and weak error estimates (59) for the macro-scheme applied to the averaged
SPDE (22),
e the estimate (53) (sampling error between the invariant distributions w and ©*), which

. . N ,
gives an error estimate Supy_,a,<r (IE|X,, - X;| )2 < Cyt?¥ using a Gronwall type
argument.

Note that (63) is a straightforward consequence of (51) and (54).

Proposition 9.2. One has the following strong and weak error estimates.

(1) For all T € (0, 00), there exists C(T) € (0, 00) such that, for all At € (0, 1), T € (0, 1),
and 1 < M, < M, one has

—72 1 1
n — ) as a .
o (EIX, — X172 5C(T)<,/R1(M M r)+«/Ar(m+ R2(M,M,r))>

(64)

(2) For all test functions ¢ of class C,f, there exists C(T, ¢) € (0, 00) such that, for all
Ar e (0,1), T €(0,1), and 1 < M, < M, one has

— 1
sup [Elp(X,)]—Elp(X,)1| = C(T. o) Ri(M. My, )+ At (2= + Ro(M. M, 7).
0<nAt<T a

(65)

Observe that Proposition 9.2 implies the convergence of the macro-scheme (57) to the
scheme (60), when M, — oo, for any fixed values of At and 7. Note that to respect
time-scales in (1), it is appropriate to choose parameters such that Mt = ¢~!At, and also
M,t = Mue~' At, thus the convergence property stated above may be interpreted as arising
from taking the limit € — 0, and as an averaging principle at the discrete-time level. The limit
scheme (60) is not an integrator for the averaged equation (22), but to a modified equation,
with a residual depending on the micro time-step size t.

We refer to [4] for a full analysis of the cost of the multiscale scheme (57)—(58).

9.2.2. Proof of Proposition 9.2
In order to prove the weak error estimate (65), an auxiliary function is introduced: for all
neNyand x € L2,

" (n, x) = Elp(X,)|X; = x1, (66)
where the Markov chain (YI

n)n>0 is given by (60). The function u" is a discrete-time version
of the function u studied in Proposition 7.1. Similarly, the spatial derivatives of u® satisfy

estimates given in Lemma 9.3.

Lemma 9.3. Let ¢ : L> — R be a nice test function, and let T € (0, 00). There exists
C(T) € (0, 00), such that for all T > 0, all At € (0, T), and all x, h, hy, hy € L?, one has
sup | D,u"(n, x).h| < C(T)Ihl2 . sup |Da*(n, x).(hy, ho)l < C(T)|hil2lhal 2.
nAr<T nAt<T
The arguments in the proof are similar to those employed for the proof of Proposition 7.1,
but are somehow simpler since no regularization effect is required in the remainder of the
analysis.
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Proof. The first and second order spatial derivatives of u* are expressed as follows: for all
neNand x, h, h, h, € H, one has
D" (n, x).h = E[Do(X,).n1"""]
G (n,x).(h1 o) = E[De(X,).601 "7 + E[D*0(X,). (03 1,2 )],

where the process (7)., and (¢,"7), _, are solutions of

nn-‘rl - SA’( n + AIDF (Xn) T] )

et = S (¢ 4+ AtDFT(X).¢M 2T 4 AtDYFT (X)),

h] hzl’

with initial conditions r;g " =hand ¢, = 0. By recursion, mild formulations are obtained:

n—1

= Shh+ Aty SLFDF (X",

k=0
n—1 n—1
G = Ay SEEDFT (X5 + Ar Yy SWFDTF (X)),
k=0 k=0

The following inequalities are used: for all @ € [0, 1), there exists C, € (0, co) such that for
alln e N,

[(—A)*SH,xl2 < Co(nAr)~*|x] 2,

see for instance [6, Lemma 5.2]. Combined with the inequality (7) and regularity properties of
F' (which are the same as for F given in Proposition 3.2), one obtains

n—1
nil2 < Clhl+ CALY "o,
k=0
n—1
gty ) < CArD;’” T Gt Y (= k= DAY E T o
k=0

with « € (0,1 — ‘Z’). Using a discrete Gronwall Lemma, one obtains successively, when
nAt < T, the inequalities

12 < CDIAL2 L 161" < CD)lh21ho 2,
and using the assumption that ¢ is a nice test function then concludes the proof. [

We are now in position to prove Proposition 9.2.

Proof of Proposition 9.2. Let us first establish the strong error estimate (64). For all n > 0,
one has the equality

n—1
X, — X, = Aty SLH(Fe— F (X))
k=0
n—1
—AIZS “(FT(X0) = F (X)) + At Y Su (B — F(X)).
k=0
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On the one hand, thanks to the Lipschitz continuity of F', one has
-1

2 1
E|AtZS (Fxo - FE)L) < cany (@x - X)L,
k=0

On the other hand, writing | - L2 = (-, -), and expanding the sums by bilinearity of the inner
product, one obtains
n—1 n—1
E[At Y SR = F (Xo)|5 = A Y B (Fy — F (X4)),
k=0 k1 kp=0
S (Fi, = F (X))
n—1
~ —T 2
< A E|F — F (X)l,2
k=0
+24r Y B (Fy = FT(Xy). S5 2 (Fr, — F (X))
05/(1 <k2§n—l

=&+ 6.

The error term &) is treated as follows. Using the definition (58) of F} as an average, and using
the same type of expansion as above, one gets

M
PO — 2 1 — 2
Elf = F X0l =35 D, BIFXGYE,) = F (X0
4 m=M—-Mz+1
2 _
+ o5 > E(F(Xi, Y{,,) = F (X0), F(Xk, YE,,))
4 M—My+1<mj;<mp<M
—F (X))

On the one hand, the assumption that F is bounded yields the inequality
1 M T =11 2
7 2 EIFXGY) - F (Xl <
4 m=M—-Mg+1

a

On the other hand, owing to a conditioning argument, combined with boundedness of F and
the estimate (55), one obtains, when m; < m,, the estimate

|E(F(Xi. Y, ) — F (X0), F(Xy, Y7,,) — F (X0)] < Cp((my — my)7).
Gathering the estimates and using (56), one obtains

- 2 1
E|F — F (X2 < C(V + Ry(M, M,, 7)),

and

The error term &, is treated as follows. Using again a conditioning argument, combined with
boundedness of F and the estimate (55), one obtains, when k; < k,, the estimate
M

> o),

m=M-M,+1

as

& < CAt(A/lI

[E(Sh " (Fey = F (Xi,), S 2 (Fr, = F (Xi,)))| <

M,
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hence (using (56))
&) = CRi(M, M, 7).
Gathering the estimates yields

1

n—1
(EIX, — X{12)" = CAt Y (EIX, — X, 132)
k=0

c At
+C( 7
It remains to apply a discrete Gronwall Lemma to conclude the proof of the strong error
estimate.

It remains to establish the weak error estimate (65).

The first and fundamental step in the analysis is to express the weak error in terms of the

auxiliary function u* defined by (66): one has

Ele(X.)] — Elp(X,)] = E[@" (0, X,)] — E[@" (n, Xo)]
n—1
=Y (B (n —k — 1, X)) — E[@" (n — k, Xp))),
k=0
by a telescoping sum argument. Using the definitions (60) and (57) of the schemes, and the
Markov property, one obtains
Eli*(n —k — 1, Xep)] = B[a*(n — k — 1, Sar (X + AtF + AWE))],
Ea@ (n —k, X)l = E[@" (n —k — 1, Sa,(Xe + ArF (X)) + AWE))L.

1
+ AtRy (M, My, ) + Ri(M, M,, 7))>.

A second-order Taylor expansion, combined with Lemma 9.3, then implies that
E[u®(n —k = 1,Xi )] — Elu" (n — k, X))
= AtE [ (D" (n — k — 1, Sad(Xx + AtF (X)) + AW2)),
Sai(F = F (X)) ]
+ O(APDE|Fy — F (X0l

At z T, At T
= 2 (B ¥e—k—1, X Y[l
& m=M—Mg+1

—/ Un —k — I,Xk,-)d/ﬁ)

~ —T 2
+ O(AP)E|F — F (X)) 2
with the auxiliary function ¥*4 defined by:
U Ak, x, y) = E[ D@t (k, Saix + AtF (x) + AWE)).(Sa F(x, y))],

where the Wiener increment AWOQ is independent of the process (Y,f) 0"

In order to use (54), it suffices to check that the first and order derivative of ¥™4! with
respect to y satisfy the following estimates: for all 7 € (0, co) and x € (0, 1 — %), there exists
C(T) € (0, c0), such that for all x,y, h € L?, all T, At > 0, one has

sup |D, WS (k, x, y).h| < Co(T)|h| 2. (67)
kAt<T
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This claim is proved as follows: one has the identity

Dy WAk, x, y).h = E[(Da" (k, Sai(x + AF (x) + AWE))., Sa Dy F(x, y).h)],
and Lemma 9.3 and Assumption 2.3 imply the estimate

|Dy 02 (k, x, y).h| < C(T)|D,F(x, y).hl; 2 < C(T)|h|,2,
which concludes the proof of (67). As a consequence, using (54) yields

B0 — k= 1 Xe 01 = [ 90— k= 1. X0, 94w = Cotmo)

In addition, the following error estimate has been proved above:
. 2 1
ElF = F'(X0)l2 < C(5 - + Ra(M, My, 7).
a

Finally, one obtains

|E@"(n — k — 1, Xey )] — E[@"(n — k, Xp)1| < CAtR(M, My, T)

+ CAIZ(A; + RZ(M7 May T))?

a

and taking the sum for k € {0, ..., n — 1} yields

— 1
|Elp(X.)] — Ele(X,)]| < CR{(M, M,, T) + CAt(M

a

+ RZ(Mv Maa T))’
which concludes the proof of (65). [
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