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This article investigates the role of the regularity of the test
function when considering the weak error for standard spatial
and temporal discretizations of SPDEs of the form dX(t) =
AX(t)dt 4+ dW(t), driven by space-time white noise. In previous
results, test functions are assumed (at least) of class ¢? with
bounded derivatives, and the weak order is twice the strong
order.

We prove that to quantify the speed of convergence, it is cru-
cial to control some derivatives of the test functions, even if the
noise is non-degenerate. First, the supremum of the weak error
over all bounded continuous functions, which are bounded by 1,
does not converge to 0 as the discretization parameter vanishes.
Second, when considering bounded Lipschitz test functions, the
weak order of convergence is divided by 2, i.e. it is not better
than the strong order.

This is in contrast with the finite dimensional case, where the
Euler-Maruyama discretization of elliptic SDEs dY(t) = f(Y(t))dt
+ dB; has weak order of convergence 1 even for bounded
continuous functions.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

The numerical analysis of Stochastic Partial Differential Equations (SPDEs) has received a lot of
attention in the last two decades, see for instance the recent monographs [19,24,26]. Many temporal
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and spatial discretization schemes have been studied in the literature: Euler schemes, exponential
Euler schemes, and spectral Galerkin methods, Finite Element methods.

In this article, we consider linear, parabolic, equations, with additive, space-time white noise, of
the type

dX = deeXdt +dW, t > 0, & € (0, 1),
X(0,t) = X(1,t) =0,
X(&,0) =x(&),

on the interval (0, 1), with homogeneous Dirichlet boundary conditions. More precisely, we consider
Hilbert-space valued stochastic processes, which are solutions in H = (0, 1) of

dX(t) = AX(t)dt + dW(t), X(0) = x, (1)

in the framework of [12], see Eq. (6) and Section 2 for precise assumptions. The noise is given by a
cylindrical Wiener process, which is a mathematical model for Gaussian space-time white noise.
The extension of the results to the case of semilinear equations

dX(t) = AX(t)dt + F(X(t))dt 4+ dW(t),

with sufficiently regular nonlinear operator F, is straightforward and is thus not considered with
details in this article.

We are interested in weak convergence rates for numerical approximations of X(T), for arbitrary
time T € (0, co). Recall that this notion corresponds to studying the weak error

E[o(X(T))] — E[¢(Xa(T))], (2)

where Xj,(T) is the numerical approximation of X(T), obtained by temporal and/or spatial discretiza-
tion of the equation (with discretization parameter h — 0),and ¢ : H — R is a bounded continuous
function. Test functions with polynomial growth may also be considered. Recall also that strong
convergence refers to the analysis of the strong error

EX(T) — Xn(T)I.

These notions have been extensively studied in the case of Stochastic Differential Equations (SDEs)
of the type

dY, = f(Ye)dt + o (Y,)dB;, Yo =y € RY, (3)

with smooth coefficients f and o, and a d-dimensional Brownian Motion B, see for instance the
classic monographs [21,27].

Strong convergence for discretizations of the SPDEs (1), also with multiplicative noise pertur-
bation, has been studied, for instance, in [13,17,19,28,31,34] (the list is not exhaustive). Results
concerning weak convergence rates have essentially been obtained in the last decade, using different
approaches. In the case of the SPDE (1), which is linear with additive noise, see [15,16,22,23]. For
semilinear equations, see [2,6,14,30,32,33], for an approach related to the Kolmogorov equation. See
[11,18,20], where a mild It6 formula is used. Finally, for semilinear equations with additive noise,
see [1] and [7] for different approaches. Deriving weak convergence rates is fundamental in infinite
dimension, see for instance [25]. Moreover, it is the appropriate notion for the approximation of
invariant distribution (in the asymptotic regime T — o0), see [5,8,9]. The extension of the results
of this article in this long time regime is straightforward.

The results in the references mentioned above can be roughly summarized as follows: if the
strong error converges with order r, then the weak error converges with order 2r, for functions
¢ which are sufficiently smooth, ie. of class P, bounded and with bounded derivatives of or-

der 1,...,p, with p > 2 (p depends on the model, for instance whether noise is additive or
multiplicative):
EIX(T) = Xo(T)|< C(T)R" . [E[$(X(T))] — E[¢(Xn(T))]| < C(T)lpll,h*", (4)
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where [|¢ll, = Supyeyldx)|+ Zf:] sup,cy |D'ep(x)|. For spectral Galerkin discretization of the
SPDE (1), in dimension N, with h = ﬁ one may choose r € [0, %). For linear implicit Euler

discretization of (1), with time step size h = At, one may choose r € [0, %).

In the SDE case, consider the Euler-Maruyama discretization of (3) (see (16)), with time step
size h. Under an appropriate hypoellipticity assumption (which is satisfied in the additive non-
degenerate noise case o(x) = Id), using Malliavin calculus techniques and regularization effect
in the associated Kolmogorov equation, the authors in [3,4] (see also [10]), have proved that the
standard approach of [29], to prove the weak error estimate for sufficiently regular functions,

[E[p(Y(T))] — E[p(Ya(T)II< C(T)lI@llph

with p > 2, can be extended with ||¢||o instead of ||¢||, on the right-hand side. In other words, weak
convergence is also of order 1 when considering bounded continuous (or even only measurable) test
functions.

In the SPDE case, the situation is quite different, when the spatial discretization is performed by
the spectral Galerkin method, and the temporal discretization is performed by the linear implicit
Euler scheme. Let us formulate precisely what is the problem treated in this article. In the literature,
it is standard to study the weak error (2) for a single, given, test function ¢. However, weak error
estimates of the type (4) are more relevant, since they reveal the interplay between the regularity
properties of the test functions ¢, and the weak order of convergence.

The objective of this article is to provide answers to the following question.

Question 1. What are the values of r > 0, such that, for any T € (0, oo), there exists C.(T) € (0, 00),
such that, for all (sufficiently small) h > 0, one has

|E[¢(X(T)] — Elp(Xn(T)]| < G(T)lI9lIph",
for the following two classes of test functions ¢ : H — R:

(i) bounded continuous functions?
(ii) bounded and Lipschitz continuous functions?

Let us insist that in Question 1 (and more generally in this article), the weak order of convergence
r is assumed not to depend on ¢, except on its regularity properties, i.e. on the integer p.

Note that only bounded test functions, with bounded derivatives, are considered. This is not
restrictive: taking into account polynomial growth may be possible and would not change the
answers provided to Question 1, and to Question 2. In addition, note that for any given bounded
and continuous test function ¢ : H — R, one has

E[p(Xi(T)] = EI$X(D)].

thanks to strong convergence.

More precisely, the following reformulation of Question 1 is considered in this article. Indeed, it
is natural to consider the supremum of the error over test functions ¢ of a given regularity p, with
a condition ||¢|l, < 1 (by linearity, this condition is not restrictive).

Question 2. What is the order of convergence to 0, when h — 0, of
sup |E[S(X(T))] — Elp(Xn(T))]]. (5)
€

where

(i) @ = {¢ € C°(H,R); llgllo < 1}?
(ii) @ = {¢ € C°(H,R); llgllo +Lip($) < 1}?

Above, the Lipschitz semi-norm is defined as Lip(¢) = sup W
X17X)
Questions 1 and 2 are equivalent, since the orders of convergence in Question 1 are required not
to depend on ¢, but only on its regularity properties.
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On the one hand, considering the supremum in (5) is convenient for the proofs below: instead
of exhibiting a single test function which would correspond to the worst case scenario for the weak
order of convergence in the given class of test function, the proof will use well-chosen parametrized
families, and appropriate limiting arguments to which make the relevant norms blow up.

On the other hand, the quantity (5) can be interpreted in terms of the Radon distance and of the
Wasserstein 1 distance between probability distributions, i.e. the laws of X(T) and X,(T). This was
not the initial motivation of this work, and this point of view will not be discussed with details.

Note that the noise in the SPDE (1) is non-degenerate (the covariance operator is the identity).
With intuition built upon the SDE case, it might be expected that the order of convergence in
Question 2 does not depend on p, and is equal to the same order as when p = 2,ie.r € [0, 1)
ifh = ﬁ (spectral Galerkin discretization in dimension N) or r € [0, %) if h = At (linear implicit
Euler scheme, with time step size At).

However, maybe surprisingly, that intuition leads to uncorrect results. The main contribution of
this article is to provide the following answer to Question 2. First, in the case (i), then (5) does not
converge to 0 when h — 0. Second, in the case (ii), then the order of convergence for (5) is equal
to the associated strong order, i.e. one needs r € [0, %) ifh= % (spectral Galerkin discretization in
dimension N) or r € [0, %) if h = At (linear implicit Euler scheme, with time step size At). Precise
statements, Theorems 1 and 2, are provided in Section 3.

Those answers to Question 2 lead to the following conclusion: in general, the regularity of the
test functions, and the control of derivatives, is essential to quantify the speed of convergence of
the weak error (2) for numerical discretizations of SPDEs (1).

The proofs below use well-chosen families of functions which have low significance for concrete
numerical approximation. It may be possible to define smaller families of non-regular test functions,
for which uniform convergence of the numerical schemes holds true with better rates of conver-
gence. This is expected to be obtained by the generalization of the finite dimensional approach
of [3,4]: regularization effect in the Kolmogorov equation and Malliavin calculus techniques. The
identification of the appropriate setting is left for future works.

Why the regularity of the test functions matters for SPDEs may be explained by the properties
of the solutions of associated Kolmogorov equations. Indeed, as emphasized in [2,6,14], Sobolev-
type regularity properties for the spatial derivatives of the solution of this infinite dimensional PDE
are required to treat the most irregular terms in the error expansion. Similar arguments appear
in [11,15] and related articles. The regularity estimates have singularities at the initial time, even
when the test function (seen as the initial condition of the Kolmogorov equation) is regular.

For SDEs, the Kolmogorov equation preserves regularity of the initial condition. Singularities only
appear when a regularization effect is needed, in an hypoelliptic setting.

For SPDEs, exhibiting a rate of convergence in the error analysis is only possible when using some
spatial regularity property, as mentioned above. The better the spatial regularity, the greater the
order of convergence, but the stronger the singularity — with the constraint of remaining integrable.
This approach yields the optimal order of convergence for regular test functions. Weakening the
regularity condition on the test functions then introduces even stronger singularities, and less
spatial regularity may be used: in turn the order of convergence decreases. The optimality of these
heuristic arguments is validated by Theorems 1 and 2.

The article is organized as follows. Assumptions on the model and numerical discretization
schemes are introduced in Section 2. Section 2.3 describes important spatial regularity properties,
which are very different for the discretized versions, compared with the exact solution. Our main
results, Theorem 1 (bounded continuous functions) and Theorem 2 are stated in Section 3. Detailed
proofs are provided in Section 4.

2. Setting
2.1. Model and assumptions

The model in this article is given by a Stochastic Partial Differential Equation (SPDE),
dX(t) = AX(t)dt +dw(t), X(0)=0, (6)
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i.e. by Eq. (3), with the initial condition set equal to 0. Extending the results of this article to arbitrary
initial conditions is straightforward.

2.1.1. Linear operator A

Denote by (-, -), resp. ||, the inner product, resp. the norm, in the separable Hilbert space
H =1%(0, 1).

The operator A in the SPDE is the Laplace operator with homogeneous Dirichlet boundary
conditions, and thus it satisfies the following conditions.

Assumption 1. The mapping A is an unbounded, self-adjoint, linear operator on H.
Define, for alln e N = {1,...},
=m0, ey =+/2sin(nn).

Then the operator A and its domain D(A) are given by

Ax=)"—ln(x.€)), VxeDA)= ier; D haixen)’ < 00}-

neN neN

Recall that (en)neN is a complete orthonormal system of H.
Introduce the following notation.

Definition 1.

(1) The operator A generates a strongly-continuous semigroup (em)

(=0 ON H, with

ehx = Ze’k”%x,en) , VxeH,t>0.

neN

(2) For all @ € [0, 1], set

xla= (D A2 (x, en>2)% €[0,00], VxeH.

neN

2.1.2. Cylindrical Wiener process
Let ((2 F, IP) denote a probability space. The expectation operator is denoted by E.

Assumption 2. Let (,Bn)nEN be a sequence of independent standard R-valued Wiener processes.
Then set, for all t > 0,

W(t) =Y Bult)en. (7)

neN

It is a standard fact that, for all t > 0, almost surely the series in (7) does not converge in H.
However, if @ € £(H) is an Hilbert-Schmidt operator, then @W(t) = > Ba(t)Pe, is a Wiener
process in H, with covariance operator @ @*.

2.1.3. Mild solution
Solutions of the SPDE (6) are interpreted in the mild sense: the unique solution, which is often
called stochastic convolution, is given by

X(t) = / AW (s) =Y (
0

neN

/ e*)‘"(“s)dﬂn(s))en, t € (0, 00).

0

With the notation Xa(t) = (X(t), ea) = fy e *1=9dp,(s), the process (Xa(t)),., is independent
Ornstein-Uhlenbeck processes. Thus, (X(t))po is a centered Gaussian process with values in H. Let
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e denote the law of X(t), i.e. the centered Gaussian probability distribution on H with covariance
operator Q; € £(H), given by

Qeén (1—e 1)y = E[|Xa(t)I*]en,

= 2
forallne Nandt > 0.

2.2. Numerical schemes

Space and time discretization schemes are defined below. One may also consider full-
discretization schemes obtained by combining these two procedures.

2.2.1. Space discretization: spectral Galerkin method
For every N € N, let Py € £(H) denote the orthogonal projection onto the finite-dimensional
subspace Span(ey, ..., ey):

N
Pyx = Z(x, ene,, VYxeH.

n=1
The process XN) obtained by discretization in space of the SPDE (6), is solution of
dXM(t) = AXWN(t)dt + PydW(t), X™(0)=o0.

In fact, XM)(t) = PyX(t), for all t > 0 and N € N.
Let then /L([N) denote the law of the random variable X"): it is a centered Gaussian probability
distribution, with covariance operator PyQ;(Py)* = PyQ;.

2.2.2. Time discretization: linear implicit Euler scheme
Let At > 0 denote a time-step size, without restriction we assume At € (0, 1). The scheme is
defined such that for all k € Ny = {0, 1, ...},
Xoli = X9+ AtAXY + AW, X3 =0,
with Wiener increments AW, = W ((k + 1)At) — W (kAt).
Rigorously,

Xit1 = SaXi + Sac AW,
where Sy, = (I — AtA)fl is a linear self-adjoint Hilbert-Schmidt operator on H.
As a consequence, for every k € N,

k—1
At __ k—¢
XM=Y skiaw,,
=0

and the law va‘ of ka is a centered Gaussian probability distribution, with covariance operator
k—1
At 2(k—£)
QM = Aty s,
=0

2.3. Space regularity properties

The aim of this section is to provide some important results concerning the moments f . |x|§,u(dx),
for different values of « € [0, 1]. The parameter « is interpreted as indicating space regularity of
the process. We emphasize on the key observation: the behaviors are different when considering,

on the one hand, © = u;, and, on the other hand, © = ,uEN) or u = vnAt, which are obtained by
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the discretization schemes. We will take advantage of this property in the study of the orders of
convergence for bounded continuous test functions.
First, consider the law u, at time t, of the solution of the SPDE (6): for any t € (0, c0),

1
—2An
/|x| we(dx) = § e 2a(]—e ) <00 = ae[O,Z). (8)

neN

Now, consider the law ,uEN), at time t, obtained by spatial discretization: for every t € [0, co),

/|x|§uﬁ”’(dx) <00, Yael0,1], VNeN,
9)

1
sup/|x| ,u(tN)(dx) <00 <— «ac]0, 4)

Finally, consider the law v , at time k, obtained by the temporal discretization: for every k € N
and every T € (0, 0c0),

/|x|2u,f‘f (dx) < 0o, VYa €0, 3) VY At €(0,1), VkeN,
) (10)
sup f|x|§vA§ (dx) <00 = ae€l0,-).
Ate(0.1) Laz) 4
Observe that in (9) and (10), one recovers the same behavior as in (8), only when the supremum
over all discretizatlon parameters (N € N and At € (0, 1)) is computed. For fixed values of these
parameters, some larger values of o > % are allowed.
The proofs of estimates in (8) and (9) are straightforward. For completeness, let us give a detailed
proof of the estimates in (10). Similar arguments will be used again below.
To prove the first statement in (10), let At > 0, k € N, and « € [0, 1], then

1

2At 2a At 2a
b dx) = A ey, e At Ay P T—— s
/HII )= A (Qen, en) = At ) §1+Am)

neN neN
A2 1
=2 o )
e An(2 + AnAt) (14 1, At)2

3
< — 0(6[0,2).

To prove the second statement, first assume « € [0, %), then 1 — 2« > % thus for all At € (0, 1),
1
2 At
/|X|a LTJ(dx ZW<OO
neN n
1

Now assume that o > 4 By a monotonicity argument it is sufficient to consider the case o = 7.
Let M € N be an aux111ary integer, and choose At = 2, with N e N, N > M.

1 1
X v”2 (dx) = 1—
/| i > nz)( (HnZT%)ZLTNzJ)

en Tn(2 + nZTW

1 1 1
= N n 2 (] B 27 12 \2|TN? | )
- N(Z—l—nT ) 14+ TN—Z)
Note that for n > &, one has 1 < 1l — 0. Then, by a Riemann sum
(1+” T2[IN“] N—oo

2 2
. (1 7.[27',1\1’2 )2|_TN ]
argument, one obtains

1 (o]

ol 1
liminf | [x2 v (dx >/ ———dz
N—oo le |% NZ( )= i 72(2 + 72T22)
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Letting M — oo and using fo dz = oo, one obtains

2+n2Tz2

sup / |x|2 AL = 0.
Ate(0,1) LAtJ
This concludes the proof of the equivalence statement (10).

3. Main results

Introduce the following notation:

o |[¢llo = sup |¢(x)|, for ¢ € c°(H, R), bounded and continuous functions from H to R,

XxeH
e ol = lollo + sup % for ¢ € Cc%!(H,R), bounded and Lipschitz continuous

x,yeH x#y
functions from H to R,

e gl = sup [p(x)l+ sup  |De(x).h|+ sup ID*¢(x).(h1, hp)|, for ¢ €
xeH xeH,heH,|h|<1 xe€H,hy,hyeH, |h|<1,]hy|<1

C?(H, R), bounded functions from H to R of class ¢?, with bounded first and second order
derivatives.

3.1. Statements

The main result of this article is Theorem 1, which may be interpreted as follows: there is no
rate of convergence to 0, for the weak error, when considering the supremum over all bounded and
continuous functions.

Theorem 1. Let T € (0, co). Then

lim sup sup |/ ¢dur —/(j)du |> 0,

N—o0 ¢ecOH,R),lI4llo<1

lim sup sup |/ ¢dur —/(j)d\)L TJ

At—0 ¢ecOH,R),lI¢llg=1

(11)

The proof of Theorem 1 is postponed to Section 4.1.
To explain why the statement of Theorem 1 may be surprising, recall that strong convergence

results, with order in [0, %), are available: for every r € [0, %), and every T € (0, 00),

lim sup AZE[X(T) — XM(T)|* < 00, limsup —E[X(T) — x4 |* < cc. (12)
N—o0 At—0 A r La!

Thus, for any bounded and continuous function ¢ € ¢°(H, R), the convergence below is valid:

(N)
/ gl f pdur . / pavt f odur.

However, the supremum of the error over all bounded continuous functions, bounded by 1, does
not converge to 0.

As will become clear in the proof of Theorem 1, see the stronger statement (18) below, the issue
is not the regularity of the functions ¢ - smooth functions are used - but the lack of control of the
growth of the derivatives.

It is also worth mentioning that if one considers the set of bounded measurable test functions,
instead of continuous test functions, in (11), the result is straightforward. Indeed, this corresponds

to looking at the total variation distance between ur, and uT ) of v Ty , and due to the results of

Section 2.3, these distributions are singular.

We also prove the following statement, Theorem 2, which may be interpreted as follows: the
best order of convergence, for the weak error, when considering the supremum over all bounded
and Lipschitz continuous functions, is equal to the strong order of convergence.
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Theorem 2. Let T € (0, oo). Then

v 1
lim sup Ay, sup I/ odur —/qﬁdu = {20 re [0714)1

N—oc0 ¢ec01 (H.R),|lpll1<1 , Vre (1 5),

1 0,Vrelo, 1
lim sup — sup |/¢dur—/¢d LU' { 14)1

a0 AL geconnm) gl <1 00, V1 &(3. 3).

(13)

The results in Theorem 2 in the regime r € [O, %) are not new, they are straightforward
applications of the strong convergence estimates in (12). The case r € (%, %) is treated in
Section 4.2.

For comparison, we state an additional result, considering test functions of class ¢2, bounded,
and with bounded first and second order derivatives.

Proposition 1. Let T € (0, co).

"2 1
lim sup Ay sup |/¢dﬂr _/¢dM(TN)|: {0 relo,3)

N=0o  $eC2(H,R), ¢l <1 00, ¥re (5. 1),

1 v 1
limsup — sup |/¢d,ur—/¢deTJ|— {0 relo,3)
At

a0 AL g2 r) glp<1 00, Vre(51).

(14)

The result of Proposition 1, in the regime r € [0, %), has been proved in a more general setting,
for semilinear versions of (6), see the references in the introduction. In the case of multiplicative
noise, the results require that ¢ is at least of class ¢, however the order of convergence remains

equal to 1 for such test functions. The case r € (%, 1) is obtained using the lower bounds

from [1 1].2
Note that Theorems 1 and 2 are also valid when looking at the regime T — oo, i.e. at the level
of the invariant distributions of the process and of its discretized versions.
Comparing Theorems 1, 2 and Proposition 1 reveals that in infinite dimension, regularity of the
test functions and control of derivatives play an important role in the analysis of the numerical

error in the weak sense.

3.2. Comparison with the finite dimensional situation

The situation described by Theorems 1 and 2, and Proposition 1, is specific to the infinite
dimensional situation. Indeed, when considering Euler-Maruyama discretization of hypoelliptic
SDEs (in finite dimension), the order of convergence (equal to 1) does not change when considering
either bounded continuous functions, or bounded and Lipschitz continuous functions, or functions
of class C2.

Indeed, consider an SDE in R (see Eq. (3), with additive non-degenerate noise),

dy(t) = f(Y(t))dt + dB;, Y(0) = yo, (15)

where (B[)[>0 is a d-dimensional standard Wiener process, and f : R? — R¢ is a smooth bounded
function, with bounded derivatives.
Consider its Euler-Maruyama discretization, with time step size At > 0: for k € Ny,

Yo = YO 4+ A (YY) + B((k + 1)At) — B(kAt) , Y = yo. (16)

The strong order of convergence in this case is equal to 1 (this is due to the fact that the noise is
additive, it would be equal to % in general):

1
llmsup—IElY( Y— Y4 € (0, 00).
A0 At? L4t
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Then, it is a remarkable fact that when considering bounded continuous test functions, one still
obtains an error which is of order 1, see [3,4],

1

limsup— sup [E¢(Y(T)) — E¢(Y/; )l€ (0, o0),
at>0" Al yeco(y R) Jpllo=<1 L)

for every T € (0, oo). Equivalently, there exists C(T) € (0, co), such that for every bounded

continuous function ¢,

[EG(Y(T)) ~ BV |
Theorem 1 indicates that in infinite dimension, the generalization of (17) is not valid, both for
the standard and widely used time and space discretization schemes we have considered.

)= C(MloloAt. (17)

4. Proofs
4.1. Bounded continuous test functions: proof of Theorem 1

In fact, a slightly stronger result than Theorem 1 is proved below:

limsup sup| | ¢dur — / ¢>du |> 0, limsup sup| [ ¢dur — /qbdv T (18)
N—>oo ¢ed At—>0  ped L rJ
where @ C C*°(H, R) is such that ||¢|lp < 1 for all ¢ € @. In the examples given below, the
functions ¢ are smooth and have bounded derivatives of any order, however only ||¢||o is uniformly
bounded over & — precisely, sup {||¢|l1, ¢ € ®} =

We provide two different examples of sets @. The first family is constructed using the results
of Section 2.3, concerning regularity properties of the discretized versions of the SPDE. The second
family contains functions with arbitrarily fast oscillations, and is treated using some Riemann sums
arguments. This proof is instructive, similar arguments appear for proving Theorem 2.

4.1.1. First proof
Define @' = {¢ m €€(0.1),Me N}, where

dLm(x) = exp(—elPuxl3), VxeH. (19)

Then ¢/, € C*°(H, R), and (/¢ llo = 1. However, sup {Igll, ¢ € &'} = o0,

Remark 1. Observe that for all x € H,

lim 11m PLu(x) = ¢'(x) = ﬂ\xl%wo’

e—>0 M

where E is only bounded and measurable. Then, thanks to the regularity results (8), (9) and (10)
forall N € N and At € (0, 1),

[ =0 [Fan =[G ~1.
LAz

This means that in total variance distance, the convergence of pLT ) and of v J to ur does not hold
At

true. The current proof consists in adapting this statement by an approximating argument.

Let

s1N) = sup| [ pdur - / du™),

pepl

sian) = sup| [ odur — [ pav?s

¢€¢1 LA[J
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For every N € N, € € (0, 1), letting M — oo gives

—elPyX(T)1% —elPy X1 —elxN()3
8{(N) > |E[e i]—Ele 4]| |0 —E[e 4],

where almost surely |X“‘”(T)|2 < oo, thanks to (9). On the contrary, using (8), E|X(T)[> = oo, and

-l

in fact almost surely |X(T)?> = oo More precisely,
4

B M
Efe e\PMx(T)h =1—[ [eid [(X(T).em)|? ]
M X 1
=[O+ 5 ey
1 €V Am _
= exp(—i Zlog(] +— 2(1— e #nTY))
m
m=1
— 0.
M— o0
Similarly,
—elX At 2

8)(At)>Ele larl i,
with |XLAf J|2 < oo almost surely, thanks to (10).
At
Finally, letting ¢ — 0, for all N € N and At € (0, 1)

SIIN)>1, 83(At) > 1.

Thus
limsup sup| [ ¢dur —/¢du(N)|_ lim sup 5! 1(N)=>1,
N—oo gepl N—oo
limsup sup| | ¢dur —/¢dv |= lim sup &) S(At) > 1,
At—0 ¢€¢.1 At—0

hence (11) is validated. This concludes the first proof of Theorem 1.

4.1.2. Second proof
Define @2 = {¢%, M € N}, where

M
P (x _exp(lfOM, )GM:Zem, VxeH.

_M
m=73

In this example, it is convenient to consider complex-valued functions, however it is straightforward
to get rid of this issue.
Like above, 2 C C®(H, C), [|¢llo = 1 for all ¢ € @2, and sup {[|¢[l1, ¢ € $?} = oo. Let

5N = sup) [ odur — [ gau1. 30 = sup) [ odr — [ pav?y .

ped? ped?

First, focus on 8%(N). Observe that for M > 2N + 1, (9, XN(T)) = 0 almost surely, hence
[ ohdu (N = 1. On the contrary,

/¢MdMT E[eVMEuX(T)] — exp(—M Z

m="4

~2imT
=)
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M
= exp(— Z B 5 +0(1))
m=% M
T
exp(— ——dz),
e A s )
1 ,—2mT “2huT
using a Riemann sum argument, andMZ M T e~ “m O(e 2 ) —> 0.

As a consequence, for all N € N, and lettmg M — oo (with M > 2N + 1) one obtains
1
1
2

Second focus on 82(At). In order to use a Riemann sum argument, it is convenient to choose

At = MZ, and to write

82 M2 |/ ‘pMdlLT _/¢MdVAt

with [ @2, dur e exp(— f% mdz), as above, and

/¢,2V,dvﬁg = E[exp(ivM(0u, X)) ]

M 1 1
= eXp(—M ; )\.m(2+)\«mAt)(1 - (1 1 oy AL ))

m=73

1 — 1

= exp(—— +o(1))
M n;g, (7 P2+ 72 (1))

! 1
— exp(— | —==——-d2),
M— o0 p( /; w2722 + m222) )
. , M 1 1 1
using a Riemann sum argument, and M Zm:% ) (= O((1+ T ) 0

As a consequence, one obtains

li 83— T 5) = exp(— /] ! dz) ( /1 ! dz) >0
1m su ex - _ — expl— — > U.
P M? P w2722 + w222) P 1 2272

M—o0 %
Finally,
limsup 82(N) > 0, limsup §3(At) > 0,
N—oo At—0

hence (11) is validated. This concludes the second proof of Theorem 1.
4.2. Bounded Lipschitz test functions: proof of Theorem 2

As already explained, it is sufficient to focus on the case r € (1 7 2

The proof is based on introducing a family @3 = {¢2 ;. o € (5. l] M e N} C c®'(H,R), of
bounded and Lipschitz continuous test functions, such that [|¢|; < 1 for all ¢ € &s. Precisely, for
ae(4,2]andNeN set

exp(— Yoy )

1
1+ (Xon 7))’

(/J)i,M(X) =
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In contrast with the families ¢! and ®? introduced ab1ove, note that functions in the set @3 are not
: 1
smooth. Introduce the notation L, = 1+ (} o, xZa) € (0, o).
Let also

s = sup [ odur — [ 9au. 5320 = sup [ gaur [ |
s peds
Let us introduce the following auxiliary function f : [0, 1] — R:
£(6) = —log(E[e~"1),
where Z is a standard real-valued Gaussian random variable.
It is straightforward to check that f is of class ¢* on [0, 1], that it is bounded, and that all its
derivatives are bounded. Moreover, f(0) = 0, and f'(0) = %: it is crucial in the analysis below

that f/(0) # .

4.2.1. Spatial discretization

First, focus on 83(N) Forall N € N, and ¢ € (4, 2] by the independence property of the
components of the process X,

on(T)

E[¢§,1(X(T))] = L;] exp( Zf(\/ﬁka ))
B2, T = 1 exp(— Y (T ),
n=1 m)‘n

with o,(T)? = 1 — e #T. Thus

(T
192 ((X(T)] — Bl , (X)) = L2 0TI (1 — exp( S (-2 ))
n=N+1 \f)\ 3

).

2
where &(T) = f(~20) — f/(0)—20 — o( 240k,
2 ﬁ)‘n 2 n

V2
On the one hand, ZﬁiNH €n(T) N—> 0. On the other hand, when N — oo,
—00

oo (]

O'n(T) 1 —anaqT
— + 0(e*N+1T)
Z oy Z
n=N+1 ﬁkn+2 n=N+1 N/ 2n2et g 2at

Co
N—oco N2« ’
with G, = f1 Wdz € (0, 00), by a Riemann sum argument.
Finally,
f(OE[p, ;(X(T)ICy
Blg: (X(T)) = Elgg ,X™(T)] ~ e :

We are now in position to conclude. Let r € (4, 7). Then, choosing a€(yg,1)

lim sup AR S3(N) > lim sup AR [E[¢2 (X(T)] — Elgg ;(X™(T))]| = oo

N—oo N—o0

This concludes the proof of Theorem 2 for spatial discretization.
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Remark 2. Note that, contrary to the other proofs in this article, a stronger result than Theorem 2
is obtained: let o € (3, 1), then ¢ | is a test function for which the weak order of convergence is
equal to «.

4.2.2. Temporal discretization
Now, focus on (Sg(At). It is convenient to choose At = # and to consider functions ‘752,1\/1- We
claim that, for any r € (3, 3), choosing & € (3, 1), then
lim sup M*'[E[¢7  (X(T))] — El$2 (Xy33)]| = 0. (20)
M—o00

On the one hand, the computations from the previous section prove that

> (T _ "(0)Cy 1
Elgy uX(TN =L, exp(~ Y f (%)) =1;'(1- f(Miz) +0(5)).
m=M+1 \/E)um 2

On the other hand, using similar arguments (in particular, a Riemann sum appears),

)

[o¢]
Elgg u(Xips)l =L exp(— > s ——
m=M+1 Ay (24 23)
1 f(0)C, 1
=1 (1= T+ OGw)).
with o(T, M2 =1 — —1— and

Am y2M2
(142

om(T, M)

ol

_ o 1
Co = /; V2 + n2z2p2a+1z2e+1 dz < G
Thus
F(0)(Co — Cy)
LaMZa
This expression implies the claim (20) holds true, hence

Elga w(X(T)] — Elgg w(Xg2)l ~

1
limsup —83(At) = oo.
At~>0p AtT 2( )

This concludes the proof of Theorem 2 for temporal discretization.
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