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We provide new regularity results for the solutions of the Kolmogorov equation
associated to a SPDE with nonlinear diffusion coefficient and a Burgers type
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affine noise. The basic tool is a discrete version of a two sided stochastic integral
which allows a new formulation for the derivatives of these solutions. We show that
this can be used to generalize the weak order analysis performed in [20]. The tools
we develop are very general and can be used to study many other examples of
applications.
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RESUME

Nous démontrons des nouveaux résultats de régularité pour les solutions de
I’équation de Kolmogorov associées & une EDPS avec un coefficient de diffusion non
linéaire et une non-linéarité de type Burgers. Ceci généralise des résultats précédents
obtenus dans les cas plus simples de bruit additif ou affine. L’outil principal est une
version discréte d’une intégrale stochastique anticipative qui permet une nouvelle
formulation pour les dérivées de ces solutions. Nous montrons que ceci peut étre
utilisé pour généraliser 'analyse numérique de l'ordre faible effectuée dans [20]. Les
outils que nous développons sont trés généraux et peuvent étre utilisés pour étudier
de nombreux autres exemples d’applications.

© 2018 Elsevier Masson SAS. All rights reserved.

1. Introduction

The Kolmogorov equation associated to a stochastic equation is a fundamental object. It is important to

have a good understanding of this equation since many properties of the stochastic equation can be derived.
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For instance, it may be used to obtain uniqueness results — in the weak or strong sense — using ideas initially
developed by Stroock and Varadhan [45] or the so-called “Itd Tanaka” trick widely used by F. Flandoli and
co-authors, see for instance [23]. Also, it is the basic tool in the weak order analysis of stochastic equations,
see [46].

For Stochastic Partial Differential Equations (SPDEs), the associated Kolmogorov equation is not a
standard object since it is a partial differential equation for an unknown depending on time and on an
infinite dimensional variable. In the case of an additive noise, it has been the object of several studies, see
[11], [16], [17], [34], [44] and the references therein. But for general diffusion coefficients, very little is known.
In [18], strict solutions are constructed but the assumptions are extremely strong and the result is of little
interest in the applications.

In this work, we consider a parabolic semilinear Stochastic Partial Differential Equation (SPDE) of the
following form:

dXt = AXtdt + G(Xt)dt + O'(Xt)th, (1)

where W is a cylindrical Wiener process on a separable infinite dimensional Hilbert space H. Typically, H
is the space of square integrable functions on an open, bounded, interval in R so that the SPDE is driven
by a space time white noise.

We wish to study regularity properties of the solutions of the associated Kolmogorov equation. The main
application we have in mind is the weak order analysis of a Euler scheme applied to (1). This has been the
subject of many articles in the last decade, see [5], [8], [7], [20], [21], [24], [27], [32], [33], [47], [51], [52]. In
all these articles, the method is a generalization of the finite dimensional proof initially used in [46] (see
also the monographs [31] and [36] for further references) and based on the Kolmogorov equation associated
to (1). These results are restricted to the case of a o satisfying very strong assumptions.

Thus our first aim is to obtain new regularity estimates on the transition semigroup (F;):>. When (1)
has a unique solution (which is the case in the present article), denoted by (X (¢, ))>0, it is defined by

u(t7 r) = Pt(p(x) = ]E((p(X(t, .’E))), (2)
where ¢ is a bounded borelian function on H. The function v formally satisfies the Kolmogorov equation:

d 1
“H(t,2) = 5T (o(2)o” (2) D2ult, 1)) + (Az + G(), Du(t,2)),  u(0,2) = p(a). (3)
As usual, we have identified the first order derivative of u with respect to x and its gradient in H and the

second order derivative with the Hessian. The inner product in H is denoted by (-, -).

Our arguments are general and can be applied in various situations. However, in order to concentrate on
the new arguments, we consider a prototype example. Namely, we take three functions Fi,F,0:R— R, and
consider the following stochastic partial differential equation on the interval (0, 1) with Dirichlet boundary
conditions and driven by a space time white noise:

dX = (Oge X + +F1(X) + 0: Fo(X))dt 4+ 6(X)dW, t > 0, € (0,1),
X(0,t) = X(1,¢) = 0,
X(£,0) = x(8).
The initial data = is given in L?(0,1) and W is a cylindrical Wiener process (see [15]). This equation can

be rewritten in the abstract form (1) classically. Indeed, we define H = L?(0,1) with norm | - |, A = d¢¢ on
the domain D(A) = H?(0,1) N HE(0,1), and the Nemytskii operators:

Fi(x) = Fz(x()), o(z)h =6 (x(-))h(), x € H, h € H.
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Assuming that Fy, Fy, and & are bounded, this defines Fi,F» : H — H and 0 : H — L(H), where
L(H) is the space of bounded linear operators on H. Below, we assume that Fy, F; and & are functions of
class C3, which are bounded and have bounded derivatives. However, it is well-known that Fy, F5 and ¢ do
not inherit these regularity properties on H. The control of their derivatives requires the use of LP norms.

Finally, setting B = 9¢ on H'(0,1) and G = F; + BF5, we obtain an equation in the abstract form (1)
above.

Global existence and uniqueness of a solution X € L?(Q; C([0,T]; H)) follow from standard arguments
(see [15] for instance). Indeed, we have boundedness and Lispchitz continuity properties on the coefficients
G and o. Thus the transition semigroup can be defined by the formula (2).

The regularity results which are required for the numerical analysis and which we obtain in this article
have roughly the following form, under appropriate assumptions on ¢: for ¢t € (0,7T)

[Duft, x) - h| < C(T, )t~ *|(=A)"hl,

|D?u(t,x) - (h, k)| < C(T, @)t~ PFV|(=A)"Phl|(-A) k], W
where (—A)~“ denotes a negative power (for o > 0) of the linear operator —A. We do not make precise which
L? norms appear on the right-hand side in (4). Precise and rigorous statements are given in Section 4.1.

Note that these regularity results are natural. They hold for instance in the case G = 0, o = 0 for any
a, 3,7 > 0 thanks to the regularization properties of the heat semi-group. Using elementary arguments
(differentiation inside the expectation, control of the derivative processes using It6 formula and Gronwall
inequalities), see for instance [3], [20], one can consider the case when the diffusion coefficient o is constant
— additive noise case. Then the estimate above holds for « € [0,1), and S8, € [0,1) such that 5+ v < 1.
The case of an affine o is also treated in the above references but then we impose «, 8,7 € [0, %) When
the diffusion coefficient ¢ is nonlinear (the so-called multiplicative noise case), the results obtained so far in
the literature are not satisfactory: the extra restriction 8 + v < % is imposed. This is not sufficient for the
applications. For the weak order analysis, we need to take 8 +  arbitrarily close to 1.

Also, the right hand side of (3) is well defined only if one is able to get (4) for o € [0,1), 8,7 € [0, 1)
with 8+ ~v > % This is important to prove existence of strict solutions to this Kolmogorov equation and
thus to generalize results available in the case of additive noise.

In this article, we introduce a new approach to obtain such results. Our first main contribution in this
article is to prove that in (1) one may take a € [0,1) and 3,7 € [0, 1), in the multiplicative noise case, for
SPDEs of the type of (1).

At a formal level, our strategy is based on new expressions for the first and the second order derivatives
of u which are obtained thanks to the Malliavin duality formula. These formulas are written in terms of
some two-sided stochastic integrals, with anticipating integrands. Several notions of anticipating integral
exist: see for instance [2], [35], [39] where the definition of such integrals is motivated by similar reasons to
ours. The two-sided integrals which we would need are similar to those developed in [37], [40], [41], but we
need to consider more general types of integrands.

We have not found the construction of the two-sided integrals we need in the literature. Although inter-
esting in itself, their rigorous and general construction would considerably lengthen the article; this is left
for future works.

We have chosen a different approach: we consider time discretized versions of the problem, and at the
end pass to the limit in estimates. The advantage is that we do not need to provide the construction of the
two-sided integral since at the discrete level it is straightforward. The drawback is that all our estimates
are made on the discretized processes and computations are sometimes technical.

Nonetheless, we give a formal derivation of the formulas for the first and second derivatives of u in
section 5.1. We hope that this helps the reader to understand our ideas. Also, this allows to describe the
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type of integrals which would be required to have a direct proof in continuous time. Again such a proof, which
would simplify some technical estimates such as those in section 5.10, requires the rigorous construction of
a two sided integral and we chose to avoid this. Thus, results presented in section 5.1 remain at a formal
level.

Once new regularity estimates on the solutions of Kolmogorov equations are obtained, our second con-
tribution is to address the weak order analysis of the following Euler scheme applied to (1):

Xpt1— Xy = At(AX 1 + G(X))dt + o(X,) (W ((n + 1)At) — W(nAY)), Xo =z,

where At is the time step. We prove that the weak rate of convergence is equal to %: for arbitrarily small
k € (0, %),

[Eo(X(NAY)) — o(Xn)| < CulT, p, ) A2,

where the integer N is such that NAt¢ = T, for arbitrary but fixed T' € (0, 00).

The value % for the weak order convergence is natural: indeed, it is possible to show that (for an appro-
priate norm || - ||) one has the strong convergence rate 1: E[| X(NAt) — Xy| < Cy(T, T)AtiT5

Like in [8], [7], in the case of ergodic SPDEs, the analysis can be extended on arbitrarily large time
intervals, with a uniform control of the error. This yields error estimates concerning the approximation of
invariant distributions. In fact, under appropriate conditions on the Lipschitz constants of the nonlinear
coefficients, one can include factors of the type exp(—ct), with ¢ > 0, on the right-hand sides of the equations
in (4); alternatively, these regularity estimates are transfered to the solutions of associated Poisson equations.
We do not consider this question further in this article.

We generalize the proof of [20], and of subsequent articles, which was done under the artificial assumptions
that F : H — H and 0 : H — L(H) are of class C?, with bounded derivatives, and that the second
order derivative of o satisfies a very restrictive assumption. As already explained above, the new regularity
estimates on the solutions of Kolmogorov equation obtained in the first part of the article are fundamental.
Here we treat diffusion coefficients of Nemytskii type, and drift coefficients which are sums of Nemytskii
and Burgers type nonlinearities. Treating Burgers type nonlinearities is one of the novelties, and one of the
main sources of technical difficulties, of this work. Even if the decomposition of the error and ideas in the
control of the terms are similar to [20], we need to consider all the terms again since the functional setting
is different.

Another approach, using the concept of mild Ité processes, see [14], [19], has been recently studied to
provide weak convergence rates for SPDEs (1) with multiplicative noise, for several examples of numerical
schemes: see [13], [28], [29], [30]. In particular, in [28], a similar result as ours is obtained when the Burgers
type nonlinearity is absent (F» = 0). This requires also to work in a Banach spaces setting, with an
appropriate type of mild Itd formula [14]. Tt is not clear that this can be extended to the case F» # 0.
Moreover, we believe that our way of treating the discretization error is more natural and somewhat simpler.
We also mention that the regularity requirements are weaker in our work.

Also, in [4], a completely different approach is used; but up to now, this covers only additive noise, i.e.
the case when o is constant.

Using Malliavin calculus techniques to get weak convergence rates for numerical approximations is stan-
dard in the literature of finite dimensional Stochastic Differential Equations: see for instance [6] and [12].
As already emphasized in [20], Malliavin calculus techniques are used in a completely different manner in
this article. Note that the approach of [12] has been extended in the infinite dimensional setting in [4].
However, the approach of [6] can not be applied for SPDEs, as proved by [9]: weak convergence rates for
SPDESs heavily depend on the regularity of the test function.
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In future works, we plan to analyze the weak error associated to spatial discretization, using Finite
Elements, like in [5]. Note that the analysis of the weak error may also be generalized to other examples of
time discretization schemes, such as exponential Euler schemes, like in [47], [51] for instance.

We have chosen to consider SPDEs (1) of one type, namely with Nemytskii diffusion coefficients, and
Nemytskii and Burgers type nonlinear drift coefficients, driven by space-time white noise, in dimension 1.
We believe that natural generalizations hold true, for instance for equations in dimension 2 or 3, with
appropriate noise. Moreover, considering coefficients with unbounded derivatives, with polynomial growth
assumptions, is also an important subject, which we have not chosen to treat; indeed it would have required
to deal with additional technical difficulties, resulting in hiding the fundamental ideas of our approach.

On a more theoretical point of view, we leave for future work the important question of the construction
in continuous time of the two-side stochastic integrals used in the proof of the new regularity results for the
solutions of Kolmogorov equations. It may also be interesting to generalize these estimates to higher order
derivatives. Finally, we believe that these results and the strategy of proof will have other applications,
beyond analysis of weak convergence rates.

This article is organized as follows. The functional setting is made precise in Sections 2 and 3. Section 4
contains the statements of our main results, on the regularity of the solution of the Kolmogorov equation
(Section 4.1), then on the weak rate of convergence of the Euler approximation (Section 4.2). Detailed proofs
are given in Section 5 and in Section 6 respectively.

2. Setting

We use the notation N* = {1,2,...} for the set of (positive) integers.

Throughout the article, c or C' denote generic positive constants, which may change from line to line. We
do not always precise the various parameters they depend on. When necessary, we write C = C_(...) to
emphasize the dependence on some parameters, by convention it is locally bounded on the domains where
the parameters live.

2.1. Functional spaces and stochastic integration

In all the article, given two Banach spaces Ey and Ea, CF(Ey; Es), or Cf(E;) when E; = E, is the space
of bounded C* functions from E; to Fy with bounded derivatives up to order k. Also L(E; Es5) denotes
the space of bounded linear operators from E; to Fs. If Ey = Es, we set L(Ey) = L(E; Eq).

The SPDE (1) is considered as taking values in the separable Hilbert space H = L?(0,1), with norm
(resp. inner product) denoted by |- | (resp. (-,-)). We will also extensively use the Banach spaces LP(0,1),
for p € [1,00]; the L? norm is denoted by |- |Le.

When K is a separable Hilbert space, the trace operator is denoted by Tr(-); recall that Tr¥ is well
defined when ¥ € £(K) is nuclear ([25]).

We recall that if ¥ € £L(K) is a nuclear operator and L € L(K) is a bounded linear mapping, then L¥
and VL are nuclear operators, and TrL ¥ = TrW L.

Let Hy, Hs be two separable Hilbert spaces. For L € L(H;, Hs), we denote by L* its adjoint. We now in-
troduce the space Lo(H1; H2) of Hilbert—Schmidt operators from H; to Hs: a linear mapping ® € L(H1; Ho)
is an Hilbert-Schmidt operator if ®*® € L(H, H;) is nuclear, and the associated norm || - ||z, (x,,m,) sat-
isfies ||@|z,(my:ms) = 197 M| 25 (Hos 1) = (T d®*)z. We use the notation Lo(H,) = Lo(Hy; Hy).

For a function ¢ € C'(H;R), we often identify the first order derivative and the gradient: (D) (z), h) =
Di(z) - h, for x,h € H. Similarly, if ¢» € C2(H;R), we often identify the second order derivative and the
Hessian: (D%*y(x)h, k) = D?¢(z) - (h, k), for x,h,k € H.
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We are now in position to present basic elements about stochastic Ito integrals on Hilbert spaces, see [15]
for further properties. The cylindrical Wiener process on H is defined by

W(t)=>_ Bi(t)fi, (5)
ieN*

where (ﬁ,)z cn- 18 a sequence of independent standard scalar Wiener processes on a filtered probability space
satisfying the usual conditions (Q, F, (Fo)i>o0, IP’) and (fi)ieN*
It is standard that this representation does not depend on the choice of the complete orthonormal system

is a complete orthonormal system of H.

of H. Moreover, it is well-known that W (t) as defined by (5) does not take values in H; however, the series
is convergent in any larger Hilbert space K, such that the embedding from H into K is an Hilbert—Schmidt
operator.

Given a predictable process ® € L?(Q2 x (0,T); L2(H; K)), the integral fOT O(s)dW (s) is a well defined
It6 integral with values in the Hilbert space K. Moreover, It0 isometry reads:

T

T
E(| / ()W (s)|l% | =E / 10 ()12, (.16,
0 0

In the sequel, we will need to control LP norms of stochastic integrals, for p € [2, 00), for processes ® with
values in L(H; E), where E' = LP(0, 1) is a separable Banach space. The space Lo(H, K) of Hilbert—Schmidt
operators is then replaced by the space R(H, E) of v-radonifying operators: a linear operator ¥ € L(H, E)
is a «y-radonifying operator, if the image by ® of the canonical Gaussian distribution on H extends to a
Borel probability measure on E. The space R(H; E) is equipped with the norm || - || g, ) defined by

121 B,y = E| Z %“I’fz‘|27
ieN*

where (7;)ien~ is a sequence of independent standard (mean 0 and variance 1) Gaussian random variables,
defined on a probability space (€, F,P), with expectation operator denoted by E, and (f;)ien- is a complete
orthonormal system. The expression of ||®||r(s;5) does not depend on the choice of these elements. We
refer for instance to [10,49,50] for further properties.

An important tool which is used frequently in the sequel is the left and right ideal property for
~-radonifying operators: for every separable Hilbert spaces K, K and for every Banach spaces E = L?(0, 1),
& = L0,1), with p,q € [2,00), for every L1 € L(E,E), ¥ € R(K,E) and Ly € L(K,K), one has
L1V, € R(K:75),

L1V Lol rc.e) < 1 Lallece.e) 1Y rex, 2y 1 L2l 2, 50 - (6)

For E = LP(0,1) with p € [2,00), the following generalization of It6 isometry holds true, in terms of an
inequality only: for predictable processes ® € L?(Q x (0,T); R(H; E)), the It6 integral fOT D (s5)dW (s) can
be defined, with values in E, and there exists c¢g € (0,00), depending only on the space E, such that

T

T
e (1 [e@avolk | <ces | [ 106 oeds |- (7)
0 0

Finally, generalizations of Burkholder-Davies—-Gundy inequalities are also available and will be used
throughout the article.
To simplify the notation, we often write L? instead of LP(0,1).
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2.2. Elements of Malliavin calculus

We recall basic definitions regarding Malliavin calculus, which is a key tool for the analysis provided
below; especially, we define the Malliavin derivative, and state the duality formula which will be used. We
simply aim at giving the main notation; for a comprehensive treatment of Malliavin calculus, we refer to
the classical monograph [38].

Malliavin calculus techniques will be required for both contributions of this article: first the proof of
new regularity estimates for the solution of Kolmogorov equations associated to SPDEs with nonlinear
diffusion coefficient, and second the analysis of weak convergence rates for the numerical discretization
of the SPDE. For the first part, we will only use discrete time versions of all objects, which are based on
standard integration by parts in the weighted LIQJ spaces, where p is the Gaussian density. The full generality
of Malliavin calculus, in continuous time, is mainly needed in the second part.

Given a smooth real-valued function G' on H” and 1/)1, e ,1/1" € L?(0,T; H), the Malliavin derivative of
the smooth random variable G(fOT(wl( ), dW (r fo (1 (r),dW (r))), at time s, in the direction h € H,

is defined as
DEG( [ (a(). dW ). [ ), dW ()

aic</<w1<>dw / ), dW (1)) (5(5), h).
0 0

We also define the process DG by (DG(s), h) = DIG. It can be shown that D defines a closable operator
with values in L?(Q x (0,T); H), and we denote by D2 the closure of the set of smooth random variables
for the norm

T
1

|Gllp1.2 = (IE(|G|2 +/\’DSG|2ds)>2
0

We define similarly the Malliavin derivative of random variables taking values in H. If G = ). Gie; €
L*(Q, H) with G; e D"? for all i € N* and ), fOT |D*G|2ds < oo, we set

'DZG = ZD?Giei, DSG = ZDsGiei-

The chain rule is valid: if u € C}(R) and G € D'2, then u(G) € D'? and D(u(G)) = v/(G)DG.
For G € D'? and ¢ € L?*(Q x (0,7); H), such that v(t) € DY2 for all t € [0,7], and such that
fOT fOT |Dstp(t)|?dsdt < oo, we have the Malliavin calculus duality formula

T T

B (6 [we.ave) | =& [@.6000d -3 / DG (0(s).e0)ds |

0 0

where the stochastic integral is in general a Skohorod integral. However, in this article, it corresponds with
the It6 integral since we only need to consider the Skohorod integral of adapted processes. Moreover, the
duality formula above holds for G € DV2 and ¢ € L?(Q x (0,T); H) when 1 is an adapted process.

Recall that if G is F; measurable, then D,G = 0 for s > ¢.

Finally, we use the following formula, as a consequence of the duality formula above, see Lemma 2.1
n [20]: let G € D2 w € CZ(H) and v € L*(Q x (0,T), L2(H)) be an adapted process, then
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E Du(G)-/z/J(s)dW(s) ZE /D2 (D& G, (s)e;) ds
=E /Tr (v*(s)D*u(G)D,G) ds

3. Assumptions and properties of coefficients

In this section, we give definitions and properties of the coefficients A, G = F; + BF5, and o, which
appear in (1). In addition, Section 3.2 presents results concerning Sobolev norms.

8.1. The linear operator A

The operator A is an unbounded linear operator on H = L?(0,1): it is defined as the Laplace operator
n (0,1), with homogeneous Dirichlet boundary conditions, on the domain D(A) = H?(0,1) N H}(0,1). It
satisfies Property 3.1 below.

Property 3.1. For i € N*, define e¢; = \/§Sin(iﬂ'~) and \; = (im)?. Then
. (ei)ieN* is a complete orthonormal system of H, and, for all i € N*,
Aei = —)\iei.

o ForanyaeR, Y 2 A\ “ < oo if and only if o > %
o the family of eigenvectors is equibounded in L : sup;cn« €| < 00.

In particular, for every p € [2, 00], sup;en- |€i|z» < 00. This equiboundedness property is crucial for many
estimates which will be proved in this article.

For every p € (2,00), A can also be seen as an unbounded linear operator on LP(0,1), with domain
D,(A) ={z € L?(0,1); Az € LP(0,1)}. Note the inclusion D,(A) C D,(A) C D(A) for p > q > 2.
t4)

The operator A generates an analytic semigroup (e on LP(0,1), for every p € [2,00), see for

>0
instance [42]. In the case p = 2, we have the following formula: e/t = Y77, e=™i (- e;)e; for every z € H

and t > 0.

We use the standard construction of fractional powers (—A)~* and (—A)® of A, for a € (0,1), see for
instance [42]:

(=)o = Sl /t (¢l — A)~lat,
0

(—A)* = sin( /to‘ =AYt — A)~lat,
0

where (—A)* is defined as an unbounded linear operator on L?(0,1), with domain D, ((—A)®). Definitions
are consistent when p varies. In the case p = 2, the construction is simple: indeed,
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(—A) % = Z A “(z,e5)e;, x€H,
i€N*

(—A) % = Z Az, e)e;, x € Da((—A)*) = {x € H; Z)\?O‘<m,ei>2 < oo} .

1EN*

We use the natural norms on D,((—A)%), denoted by [(—A)* - |L».
3.2. Useful inequalities

For p # 2, the norm of D,((—A)%) does not in general coincide with the norm of the standard Sobolev
spaces W24P = W2%P((,1); see [48, Section 4.2.1] for their definitions. When 2« is not an integer, we may
use the norm defined in [48, Section 4.4.1, Remark 2]. In this article, o € (0,1/2) and in this case, this norm
writes:

11
_ p
elwans = lalis + [ [ O E 0  acan Q

0 0

It is useful to compare the two scales of spaces D,((—A)%) and W2*P. Below we use a series of results
from [48]. Let us choose € > 0, by the definition in section 4.2.1, Theorem 1, section 4.3.1 which asserts that
2.4.2 (16) holds, we have:

2a0—€,p __ R2a—e __ P 2,p
w *Bp,p *(L 7W )oz—%,:m

where Bf)f;fe is the Besov space and (-,-)g,, denotes the interpolation spaces. Then, we use 1.3.3 (e), the
equality W2P? = D((—A)) and 1.15.2 (d) to obtain:

(LP, W?P)q_s , C (LP,W?P)q 1 C D((—A)).
It follows
W?2e=sP C D((—A)%).
The same arguments imply
D((—A)*) c w2eter,

(Note that for p = 2, we can take ¢ = 0 and we have in fact D((—A)%) C W?2*:2))
We deduce the following inequalities:

|2lwze-cn < Caepl(—A)"2|1r, x € Dp((=A)*) 5 [(=A)"zlLe < Caepltlwaates, w € WHTEP, 0 (9)

for cq e p € (0,00).

We also need inequalities for composition and products in these spaces. Let us consider a Lipschitz
continuous function g : R — R. It satisfies:

g < LA+ [t)),  [9(t) —g(s)| < L|t — 5], t,s €R,

for some constant L. It follows for z € W2*P o <
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1

1
lg(x)|Le < L(1+ |2|10), //'g = |1+2a(p dédn <L//|g |1+2ap dfd
0

0

Recalling the definition (8) of the norm on W?2*? we get the following inequality: for <3 Land € > 0, any
T € Dp((—A)O“*‘e)7 and any Lipschitz continuous function g : R — R,

|(—A)O‘g(:1c){Lp < Cayeplg(@)wreter < Caepyg (1 + |9C‘W2"+€*P) = Caye’p’g(l + |(_A)a+€x‘L”)‘ (10)

Also, by Holder inequality and (8), for a < %, and x € W2®4, y € W27 such that % = % + %, one has

lzylwzen < Cagr(|2|Lalylweer + |2lweaalylr) < caqrlzlw2ealylweer. (11)

Using then (9), (11) yields that for o € (0, 1), € >0, ]l? = %—l— 1 and z € Dy((—A)*9), y € D, ((—A)>Te),
one has

(=A)*@y|zr < Caeqrl(=A)*  @|Lal(=A)* YlL. (12)

Below, we also need to estimate products of two functions, one of which belongs to a space of negative
regularity, in a space D((—A)~*) with o € (0, ). More precisely, given « € D((—A)™%), we want to give
a meaning to the product zy. For functions defined on the whole space R, this is classically treated thanks
to paraproduct. In the case of the interval treated here, we provide an alternate argument to do this. As
in the case of R, the sum of the regularity of  and y has to be positive and the product is defined only in
spaces of negative regularity.

We use a duality argument. Let us first consider smooth z and y, then for z smooth. Let o € (0, %),
e >0, %z%—&-%, %—i—%zl;notethat%z%—i-pL

(ry,2) = ((=4) %z, (=A)%(y2)) = /((—A)’“l’)(E)((—A)"‘(W))(S)di <[(=A) 2|l (=A)*(y2)| Lo -
0

From (9) and (11), we obtain

|(_A)a(yz)‘LQ’ < C‘yz|W2a+e,q/

Z|W2a+e,p’
< o (=A) Y| (= A) T2

< cly|lwza+ter

We deduce:

(zy, 2) < o (=A) @[ La| (= A) Yl (- A)* T2 -

Since |(—A) " ¢(xy)|Lr = sup %, we obtain:

(=A™ (2y) e < caequrl(=A) @[ La| (= A) Yl Lr. (13)

By density, this inequality remains true for all x,y, z such that the right hand side is finite.

Finally, for every p € [2,00), we have the Sobolev embedding: LP C W%_%’Q, see for instance [1, Theo-
rem 7.58]. Since Dg((—A)%fﬁ) is a closed subspace of W2"72 and the norms | - |w2az and |[(—A)* - |12
are equivalent on Dj((—A)®) (see [48], Theorem 1.18.10), we deduce:

2| < C(p)|(~A) T~ ] 2. (14)
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3.3. Nonlinear terms G and o

The drift G is the sum of a Nemytskii and of a Burgers type nonlinearities: G = F; + BFy, where
Bz = ¢z € LP(0,1) for x € WP(0,1), and where Fy and Fy are Nemytskii coefficients. Precisely, let
F\, By e C3(R) be two real-valued functions. We assume that they are bounded to simplify the presentation,
but this could easily be relaxed. Then we set, for every z € LP, with p € [1,00], Fy(z)(-) = F;(2(-)), for
ie{1,2}.

Straightforward applications of Holder inequality yield Property 3.2 below.

Property 3.2. Let F' € {Fy, Fy}.
For every p € [1, 0], there exists C), € (0,00) such that for every x € L? h € LP

F@)r <Cp o |F'(@)hlir < Cylhlos

1

moreover, if q1,q2,71,72,73 € [1,00] are such that qil + o

_1 1 1 1_1 :
40y Y wuch that f o = and -+ -+ .- = o, there exists Cp(q1, q2)
and Cp(r1,re,13) such that for every x €

‘F(2)(.’E).(h1,h2)|Lp < Cp(q17q2)‘h1|Lq1 |h2‘Lq27 \4 h1 S qu,hQ c L%
|F®(2).(h1, ha, ha)| e < Cp(r1,72,73)|ha| L [ha|pra |hs|Lrs, ¥ by € L™ ho € L™ hs € L™,

In order to control terms of the form BFy(x), we will use the following property

1
—_A)*B(—A)B -
|(—A)"*B(-A) |L(LP) < o0, for a+ 3 > 5 (15)

Indeed, this inequality is a direct consequence of (9) when o = 0, and uses a duality argument when 8 = 0.
The general case follows by an interpolation argument.

The diffusion coefficient o is a linear operator of Nemytskii type. Precisely, let 5 € C3(R) be a real-valued,
bounded, function, with bounded derivatives up to order 3. Then, for every p € [1, 0], define (U(x)h)() =
&(x(-))h(-) for all z,h € LP.

Property 3.3. For every p,q € [1,00], 0 : L? — L(LP, L9) is of class C>. Moreover, the following conditions
on the derivatives of o hold true.
For every p € (2, 0], there exists C,, € (0,00) such that for every x € L?

lo(z)|zzry < Cp.

For every p € (2,00), there exists C,, € (0,00) such that for every x € L?

1

[(=A)72 (o (@).h)| 1 12y < CoplhlLe, ¥ he LP, (16)
(= A)~% (0" ().(h, k) |2y < Cplhlrzs klrzr, ¥ bk € L, (17)
|(~A)"% (0(3)(x).(h,k1,k2))‘£(L2) < Cplh|rew|kr|Lav |ka|par, ¥ h € L?P ki, ky € L. (18)

Finally, for every x € L? and h € LP, k1, ky € L%

o@)* =o(x) , (d(@).h)" =d(@).h , (o"(@).(ki,k2))" = 0" (x).(k1, k2). (19)
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We sketch the proof of (16), the two other estimates (17) and (18) are obtained in the same way. For
every v,z € L?,

(o' ().h)y, (—A) "% 2) < Clh|polyl 2] (—A) "% 2|

< Ol oyl 2| (—A) T2 25 2| 2,

thanks to Holder inequality, with % + % = %, and inequality (14).

When no confusion is possible, we will often use the notations Fj for F}, and o for .
8.4. Test functions ¢

We now give the regularity assumptions on the test functions ¢. Typically, ¢ is only defined on L?(0, 1),
for some p € [2,00) and is not a C™ function on LP for n > 2. It possesses derivatives only in restricted
directions, that is in a smaller space which is in general L? for ¢ > p. To state the assumption on the test
functions allowed, we consider regularized version g, defined in Assumption 3.4 below.

Assumption 3.4. Let p € [2,00) and ¢ : LP(0,1) — R. For every § € (0,1), define ps(-) = <p(e‘m-). We
assume that s is of class C3 on H, for every 6 € (0,1). Moreover, we assume that the derivatives satisfy
the following conditions, uniformly with respect to § € (0,1): there exist ¢ € [2,00), K € N* U {0}, and
C(p,q,K) € (0,00) such that for every x € LP, and hy, ho, hg € L2

|Dgs ()| < Cp,q. K) (1 + [2]20) " [ 1o, (20)
}D2906(=’E)-(h1,h2)| < C(Pa%K)(l + |$\LP)K|h1|LQ|h2|L<1, (21)
|D%s(x).(h1, ho, hs)| < C(p, ¢, K)(1+ |93\LP)K|h1|Lq|h2|L4|h3\Lq- (22)

Interesting examples of test functions ¢ are constructed as follows. Let ¢ € C3(R) a function of class C3;
we assume that the derivatives of ¢ have at most polynomial growth. Define

p(z) = [ ¢(x(§))ds,
/

for x € L™(0,1), where n € N* is such that sup(lfi‘(f‘))ln < 00.
zeR

Since derivatives of ¢ take the form D™ op(z).(hy,..., hy) = ™ (2(-))h1(-) ... hy(-), Assumption 3.4 is
satisfied by applying Hoélder inequality, with appropriately chosen parameters p, q.

If we assume that the derivatives of ¢ are bounded, we may choose K = 0 and p = 2; the estimate on
the third order derivative requires to choose ¢ = 3.

4. Main results
We consider the stochastic evolution equation (1), which we recall here:
dX; = AXydt + G(Xy)dt + o(Xy)dW (t), X(0) =z, (23)
where x € H is an arbitrary initial condition.

For every time T € (0,00), equation (23) admits a unique mild solution in C([0,T]; H), i.e. X =
(X:), cor) 82 H -valued continuous stochastic process such that for every 0 < ¢t < T
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t t
X, =tz + /e(t_s)AG(Xs)dS + /e(t_S)A0<XS>dW(S)? (24)
0 0

where the H-valued stochastic integral is interpreted in It sense. We refer for instance to [15] for a proof
of this standard result.

To emphasize on the influence of the initial condition z, we often use the notation X (¢,x). However, in
many computations we omit this dependence and write X; for simplicity.

A rigorous treatment of the problem is made easier by considering regularized coefficients G and oy, for
6§ > 0, defined as follows:

Gs = e‘;AG(e‘sA) = e (€6A~) + BeAF, (eM-) , Os= eMo(eM-)e‘;A.

It is straightforward to check that Properties 3.2 and 3.3 are preserved after regularization, with constants
which are uniform with respect to §. Indeed, e®4 is bounded with norm equal to 1, from LP to LP, for every
p € [1,00] and 6 € (0,1). Also for § > 0, ¢4 is a bounded operator from L? to LP for any p > 2, and thus
the regularized coefficients F5 and o are C’S on H (but with norm depending on §). Note that B and e°4
do not commute.

Remark 4.1. We cannot use standard regularization methods in our setting, such as spectral Galerkin
projections, like in [20]. Indeed, the associated projection operators are not uniformly bounded (with respect
to dimension), in LP spaces for p > 2.
The regularization we use in this article does not provide finite dimensional approximation of the process.
Alternatively, the not so different regularization proposed in [26] (see Lemma 3.1) may be used. It is
based on an additional truncation of modes larger than N(6), in the definition of ¢®4, for a well-chosen
integer N (0).

In the computations below, we often omit to mention the dependence on §. All the estimates we state
and prove are uniform in §.
Working with regularized coefficients Fs and o5, with § € (0, 1), we introduce the regularized SPDE

dX? = AX?dt + Gs(XD)dt + o5(XD)dW (t),  X°(0) = . (25)

When § — 0, X? converges (in a suitable sense) to X. Consistently, the notation X° = X will be used.
For every § € (0, 1), introduce the function us : [0,7] x L? — R, defined by

us(t,x) = E[QD(;(X[S(t,IE))], (26)

and the function w : [0,T] x L? — R

u(t,x) = E[@(X(t, x))] (27)

The function wug, resp. u, is formally solution of the Kolmogorov equations associated to (25), resp. (23). As
already mentioned, the regularity results proved in this article could be used to prove that these functions
are in fact strict solutions of these Kolmogorov equations.

Consistently, we use the notation uy = u. Indeed, results on u will be obtained from results proved for
6 > 0 and passing to the limit 6 — 0.

Thanks to [3] or [11], for every § € (0,1) and ¢t > 0, us(t,-) is a function of class C3 on L2
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4.1. Regularity estimates on the derivatives of the Kolmogorov equation solution

The first main results of this article are new estimates on the first and second order spatial derivatives
of u.

For our results given below, we consider the setting of Section 3 and Section 3.4. Note that all the results
are valid for the parameter ¢, defined in Assumption 3.4, satisfying ¢ € [2, 00). The proofs of the cases ¢ = 2
and ¢ € (2,00) need to be treated separately. We only provide detailed proofs in the case ¢ € (2,00). The
case ¢ = 2 is easier.

Theorem 4.2. For every § € [0,1) and T € (0,00), there exists Cz(T), such that for every 6 € [0,1),
te (0,T), x € LP and h € L?

Cs(T)
tB

‘Du(s(t, x)h‘ < (1 + ‘:I:|Lmax(p,2q))K+1|(_A)_ﬁh|L2q. (28)

This result can be interpreted as a regularization property: for every ¢ > 0 and 5 € (0,1), we have
(—A)PDu(t,z) € L", where r is the conjugate exponent of 2¢, i.e. %Jri = 1. For t = 0, from Assumption 3.4,
we formally have Du(0,2) = Dyp(z) € L" € LY where ¢ is the conjugate exponent of ¢’. No information
on Dy in D((—A)?) is available.

Theorem 4.2 is not difficult for 3 € [0,1) (see [3], [20]). Getting the result for 8 € [0,1) with standard
arguments is possible only in the case of additive noise. We recall below in Section 5.1 where the limitation
b < % comes from in direct approaches, when o is nonlinear. Then we give a formal description of our
strategy of proof of Theorem 4.2 and introduce new arguments.

The constant Cz(T") depends on ¢ through the constants appearing in Assumption 3.4. More precisely,
it depends on the constant in the right hand side of (20) and (21). It may seem surprising that we need
information on the second differential of ¢ to get an estimate on the first differential of w. This is due to the
final step of the proof where we use an interpolation argument to get rid of an extra smoothing parameter
7 introduced below. We do not know whether this is optimal.

We now turn to the result on D?u, which is also a regularization property.

Theorem 4.3. For every 3,7y € [0, %) and T € (0,00), there exists Cp(T'), such that for every 6 € [0,1),
t€(0,T), x € LP and hy,hy € L*

Cp (T K+1 _ _
[D2us(t ). (12| < 22 (0 ) (A ()l (20)

Again, the novelty in Theorem 4.3 is the range [0, %) for the parameters 5 and . More precisely, we
remove the restriction 8+ < 1, for which a direct proof works, see [3], [20].

As above, the constant Cg ,(T') depends on ¢ through the constants appearing in Assumption 3.4. Now,
it depends on the constant in the right hand side of (20), (21) and (22).

Another novelty is that we consider SPDEs with a spatial derivative in the nonlinear term. Moreover,
Nemytskii type diffusion and nonlinear terms are allowed. This requires bounds depending on L7 norms and

not only on L? norms.

Remark 4.4. The presence of L?? and L*? norms in the right-hand side of (28) and (29) is not optimal.
A careful inspection of the proof reveals that norms on the right-hand side may be replaced with weaker
L9%¢ and L29F€ norms, where € is arbitrarily close to 0. Moreover, at the price of increasing the singularity
in T, one may use the Markov property to get estimates which depend on L" with much smaller r.
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The main motivation and application of Theorem 4.2 and Theorem 4.3 is the analysis of weak convergence
rates for numerical discretizations of the SPDE (23). For that purpose, being able to choose both 8 and
~ arbitrarily close to % is fundamental. Theorem 4.2 with 8 € [0, %) is sufficient to consider the case with
F5 =0, but we need 3 close to 1 to treat the Burger type nonlinearity BF5.

In the additive noise case, it is possible to choose 8,7 € [0,1), such that 5+~ < 1 in Theorem 4.3.
Then we may choose for instance g € [%, 1), and this simplifies several arguments in the weak convergence
analysis — and also in the argument presented below to give a meaning to the trace term in (3). We believe
that the same strategy as for the proof of Theorem 4.2 can be adapted to prove that indeed the conclusion
of Theorem 4.3 is still valid for 3, € [0,1) with 8 4+ v < 1. Substantial generalizations of the arguments
are however required, and they will be studied in future works.

In addition to the analysis of weak convergence errors, Theorems 4.2 and 4.3 can be used to give a
meaning to the different terms in the right-hand side of (3). First the terms (Az, Du(t, z)) has a meaning as
soon as |(—A)'~Px|p. < oo, for B arbitrarily close to 1. Choosing 3 > % is fundamental, since the solution
X (t,z) takes values in Dy ((—A)®) only for o < £. The term (G(z), Du(t,z)) = (Fi(z) + BFs(z), Du(t,z))
is well-defined also, choosing 3 > £ thanks to (15). The trace term is more delicate. Thanks to Theorem 4.3,
for 8,~v € [0, )andazEprehave

Tr (o(z)o™ (z)D?u(t,z)) = Z D?u(t,z).(c%(x)en, en),

and
S [D2ult, 2). (0% ()en, en)| < C22 T (14 o ) S ) e sl (A) el
) . nsy En > tB""’Y Lp n )| L% n|L4%a
C _
< Dol 4 jaif) SIA el

where we have used sup |e,|p1a < 0o thanks to Property 3.1.
neN*

Nevertheless, taking v < % arbitrarily close to % and § = 0 is not sufficient, since ) A, =o00. To

neN*
overcome this issue, we use (13), then (10):

(=A) (0% (@)en) 140 < el (=A)?0®(@)|sal (—A) T enlpa < e(1+[(=A) " a]psa)|(—A) 7 en|Lsa.

We choose 7, 8 € [0, 1) and € > 0 such that y+ 8 — € > 1:
Cpy(T) c e
> |D?u(t, ).(0%(@)en, en)| < %(1 + 2 f5) A+ [(—A) el pe) YA

Note that it is possible to choose 3, € arbitrarily close to 0. Therefore the trace term in (3) is meaningful as
soon as & € Dgy((—A)®) for some o > 0. Again the exponent 8¢ is not optimal.

For completeness, we also state a regularity result on the third order derivatives of ugs. This result is useful
to prove the two results above and in the analysis of the weak convergence rate for numerical approximations
below. Contrary to Theorems 4.2 and 4.3, since we consider a restrictive range for the parameters «, 3,7, i.e.
with the constraint a4+ 8+ < 1/2, standard arguments are sufficient and the proof is left to the reader. The
arguments used for Theorems 4.2 and 4.3 could be naturally extended to generalize Proposition 4.5, under
appropriate assumptions, as well as to higher order derivatives. We leave the study of such generalizations
to future works.
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Proposition 4.5. For every o, 3,7y € [0, %) such that o + f + v < 2

5, and T € (0,00), there exists Cg(T),
such that for every d € (0,1), hy, ha, hg € L34

a T
|D3us(t,x).(ha, ha, h3)| < Capr(T)

< =g (U 12len) 1= A) 7 h| oo (= A) P holpsal (—A) hs|rsa. (30)

The constant Cy g (T") depends on ¢ through the constants appearing in Assumption 3.4.

The results in Theorems 4.2, 4.3 are proved for the function ug, defined by (26), for 6 € (0,1). Thanks
to the result on the third order derivatives of us, we may take the limit 6 — 0 in Theorems 4.2 and 4.3;
this provides Gateau differentiability of first and second order of the function u, at points z € LP and in
directions hi, ho € L1.

If ¢ is a C? function on H satisfying Assumption 3.4 with p = 2 = ¢ = 2, using standard arguments, we
can prove similar estimates on D*ug, k = 1,2,3 with 8 =~y = 0 for # € H and h, hy, hy, hs € H. Thus in
this case, we can prove that u is a C? function on H.

4.2. Weak convergence of numerical approzimations

As an application of the results of Section 4.1, we study the discretization of (23) by the following
semi-implicit Euler scheme (also known as the linear implicit Euler scheme). Let T € (0, c0) be given, and
let At € (0,T) denote the time-step size of the scheme, such that N = % € N* is an integer.

Then for n € {0,..., N — 1}, define

Xng1 — Xy = At (AXp1 + G(X,)) + 0(Xn) (W ((n+ 1)At) — W(nAY)), Xo = z. (31)

The nonlinear terms G and o are treated explicitly (which is possible thanks to global Lipschitz continuity
assumptions), whereas the linear operator A is treated implicitly. Note that (68) can be rewritten in an
explicit form

Xpg1 = Sar Xy + AtSAG(Xy) + Saro(X,,) (W ((n + 1)At) — W(nAt)),
where
Sar = (I — AtA) ™. (32)

This proves the well-posedness of the scheme, thanks to nice regularization properties of Sa¢, see Lemmas 5.2
and 5.3.

The weak convergence result is given by Theorem 4.6; its proof is given in Section 6. It generalizes the
statement that the weak rate, equal to %, is twice the strong order i, which has been obtained for instance
in [43]. Recall that the values of p,¢q and K are determined by Assumption 3.4.

Theorem 4.6. For every « € (0, %), T € (0,00) and every Aty € (0,1), there exists C(T, Atg, @), such that
for every At € (0, Atg), with N = % € N*, for every x € LP N L3

|Ep(X(T)) — Ep(Xn)| < Cu(T, Ato, ) (1 + \x|Lmax<p,gq>)K+3At%*~.

(33)

The proof is a generalization of [20], with several non trivial modifications, due to the assumptions made
on the nonlinear drift term and diffusion coefficients. In this article, we work in LP spaces, and it seems that
it is the first time that a weak convergence result is provided for SPDEs with Burgers type drift coefficients,
i.e. with a spatial derivative in the drift nonlinear term. More importantly, our main contribution is the
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treatment of non constant diffusion coefficients o (the multiplicative noise case), under realistic assumptions.
In particular, we drop the artificial assumption on o from [20].

As mentioned in the introduction, the approach using mild It6 calculus, see [13], [28], [29], [30], has also
recently been able to deal with such non constant diffusion coefficients. The main difference is in the way the
discretization error is analyzed: our approach is in our opinion somewhat simpler, and closer to the standard
approaches from finite dimensional cases. We require also lower regularity on the drift and diffusion terms.

Our proof is based on a decomposition of the error depending on the solution u of the Kolmogorov

equation. In particular, Theorem 4.2 (to handle Burgers type nonlinear drift coefficients), resp. Theorem 4.3
1

(to handle nonlinear diffusion coefficients), removing the condition § < 3, resp. the condition  + v < %,

are essential tools.
5. Proofs of Theorems 4.2 and 4.3

The aim of this section is to provide the proofs of the new regularity results, Theorems 4.2 and 4.3.

The key ideas of our original approach are explained in Section 5.1, however only at a formal level:
indeed the stochastic integrals in (35) below involve anticipative integrands and are not well defined so that
(35) cannot be used. These integrals are in fact two-sided integrals and should be defined appropriately.
This would considerably lengthen our article. A discrete time approximation is used to make the analysis
rigorous: it is introduced in Section 5.2.

In addition to the auxiliary temporal discretization, with parameter At, another approximation is used,
with parameter 7. The most difficult part of the proof is to obtain the auxiliary regularity results which are
stated in Section 5.3, for positive 7. The proofs of these results are performed in three steps. First, the new
expressions suggested by the formal arguments of Section 5.1 are rigorously derived at the discrete time
level in Section 5.4. The key ingredients are discrete time versions of the two-sided stochastic integrals, and
of an appropriate Malliavin calculus duality formula. Second, Section 5.5 is devoted to proving bounds for
the terms appearing in these new expressions. Finally, it remains to pass to the limit At — 0.

The proof of Theorems 4.2 and 4.3 is then concluded in Section 5.6, getting rid of the auxiliary parame-
ter 7. Finally, technical auxiliary lemmas are proved in Section 5.7.

5.1. Formal arguments in continuous time

In this section, we explain how Theorems 4.2 and 4.3 could be obtained if one first constructs suitable
stochastic integrals. We first recall the origins of the limitations on parameters 5 and v in standard ap-
proaches. We then present the strategy of the proof, in particular what are the two-sided stochastic integrals
that are required.

As explained in the introduction, we do not intend to give a rigorous meaning in the continuous time
setting to the objects introduced below, and do not justify the computations. As will be clear below, some
expressions do not make sense as standard objects. In order to simplify the presentation, since we want
to focus on the difficulties due to the diffusion coefficient o being non constant, in this section we assume
that F} = F, = 0. Moreover, we work in an abstract setting: we assume that the diffusion coeflicient o
is a function on H of class C2, with bounded derivatives — this property not being true for the Nemystkii
coefficients considered in this paper. We also assume that the test function ¢ is of class Cg.

First, differentiating (27), we obtain for h € H:

Du(t,z).h = E[Dp(X(t, z)).nph® ()]
where 1% (t) is the solution of

dn™®(t) = A" (t)dt + o' (X (t,z)).n™ (t)dW (), n*(0) = h.
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Using the mild formulation of n*(¢) and Itd isometry,

E|nh,x(t)|2 —F etAh + e(t*S)Ag’(X((g’x)),’r]h"x(s)dW(S)

e[ [ et (X (5,0 () [, gy

)

/
/

t
< Ot 2|(—A)~Phf? + C/(t — 5) 72 TNE[n" (s)|2ds.
0

Indeed, for y,h € H and & € (0, %)

2
S 2 —oN\(t—s 1,
A0’ (y).k |07 () KLz < C D e IR < et — )72 (k]

1EN*

< ’eA(tfs) 2
Lo(H) - Lo(H)

K

1
since ) o+ A; > < o0o. Assuming that 2 < 1, and applying Gronwall Lemma, we get

sup 2 (| ()]*) < Cl(=4)7n?,
te(0,T]

which then yields the required regularity result, for 8 € [0, %)
|Dult, ) - h| < cllelit=?|(=A)"7h.

The limitation § < % in previous articles thus comes from the fact that It6 formula is used to control the
stochastic integral, and naturally squares appear in integrals. In the additive noise case, since ¢’ = 0, no
stochastic integral appears in the definition of ¥ (), and thus choosing 3 € [0,1) is possible.

A similar difficulty appears for the second order derivative: differentiating twice (27), for h, k € H yields

D?u(t,x).(h, k) = E [D*p(X (¢, 2)).(n"" (t),n*"(£)) + Dp(X (¢, 2)).C"H(8)]
where ("% (t) is the solution of
¢ () = AP ()dE + o (X (8 2)).CM B (AW (E) + o (X (8 ). (" (), ™ (1)) dW (1),

with the initial condition ¢"*¥:%(0) = 0. The issue lies again in the control of the stochastic integral: indeed,
It6 isometry for the mild formulation of the equation gives

BIC () < C [ (= 57 b IR 9 + B[l (o) 1 ()] ds,
0

and, generalizing the previous estimate on 7 to handle the fourth moment, we have
E[ln"*(s)P [0 (s)]?] < Cs™72V(=A) P hf*|(=A) kP,
and fot (t— s)_%_”s_w_%ds < oo if and only if f+ v < % Under this condition, we obtain

|D2u(t,x).(h, k)| < CtP~7|(—=A)"Ph||(—A) k|
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In order to overcome the limitations on 3 and +y, we introduce new formulas for Du and for D?u. The
idea is to use the Malliavin calculus duality formula, in order to replace stochastic It6 integrals, which
require square integrability in time, with integrals with respect to Lebesgue measure, which require only
integrability in time.

First, define 77 (t) = n"*(t) — e!4h, and write

Du(t,z).h = E(Dp(X(t, z)).e"h + Dp(X(t, x))ﬁ}”(t)) (34)

The first term on the right-hand side is easily bounded by t=#|(—A)~#h|, for B € [0,1). To control the
second term, note that

di* (t) = (Aﬁh“(t)dt + o' (X(t, x)).ﬁh@dW(t)) + o' (X (t,z)).e hdW (t).

and 7

following identities

Ch,k,m

Formally, are the solutions of the same type of equations, and we would like to write the

() = /H(t,s)o’(X(s,J;)).eSAde(s),
0

¢ () = /H(tvs)a"(X(s,w)) (0" (), 0™ (5)) AW (s),

0

where TI(t, s) is the evolution operator associated with the linear equation

dZy s = AZy sdt + o' (X (8, ). Zy s dW (t) , Zss = z,

s

i.e. II(t, 8)z = Zy 5.

Formulas (35) are not well defined since the integrals contain anticipative integrands. Unfortunately,
Skohorod integrals or two-sided stochastic integrals do not work. If we use such integrals in (35), the
formula makes sense but does not provide a solution of the equations. In fact, we can guess what would be
the correct integral for our purpose. From the discrete formulas below, it should be:

lim Ze: L(t, tos1)o” (X (tg, ). b (W (t 4+ 1) — W (te))

for the first one and a similar expression for the other. As usual the limit is taken on subdivisions of [0, ]
with § = max(ty4+1 — t¢) converging to 0.

As explained in the introduction, it may be possible to adapt the arguments from [2], [37], [39], [40]
and [41] and give a rigorous meaning to (35) using such new integral. This is not the strategy we follow;
instead, we work on time-discrete approximations of the problem, for which every object is easily defined
and only standard tools of stochastic analysis are used.

Let us anyway go on with the formal argument and show why (35) is useful. We consider the second term
in (34) and rewrite using this formula:

E(Dy(X (t,2)).7""(t)) = E D@(X(t,x))./H(t,s)a’(X(sm)).eSAde(s)

The next step is to apply a Malliavin duality formula. This would replace the right hand side above by
E (f(f Dy (Dp(X (t,x))) II(¢, )0’ (X (s, x)).eSAhds). Thus, we are now dealing with a standard integral and
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do not need square integrability in time and a higher order singularity is allowed. Unfortunately, this is not
correct: the integral has not been defined and no generalization of the duality formula has been proved.
In fact, we may guess from the discrete computations below that the correct formula should contain an
additional term and write:

t

E(Dp(X (t,2))-7"" (t)) :E< / D, (Dp(X (t,2))) .I(t,s)0’ (X (s, 2)).c" hds

0
t

—|—/Dgp(X(t,x)).DS (TI(¢, s))o'(X(s,x)).eSAhds>.
0

Again, we have chosen to avoid the rigorous construction of the two-sided integral and the proof of the
associate duality formula by working on discrete time approximations.

5.2. Discrete time approximation

In order to give a rigorous meaning to the arguments presented above in Section 5.1, we replace the

tef0.T] with 6 € [0,1), with discrete-time approximations. We use a
T

numerical scheme, with time-step size At = § € (0,1), with N € N*. We prove regularity results for

continuous time processes (X°(t))

fixed N, with upper bounds not depending on N, and finally pass to the limit N — oc.

We also require an additional regularization parameter, 7 € (0,1). Some estimates depend on 7; when it
is the case, it will always be stated precisely.

The discrete-time processes are defined using the linear-implicit Euler scheme: for 0 <n < N —1

XOTPY = A XOTA 4 AtSpGs (XETAY) 4 €748 6,05 (X2 AW, (36)

with the standard notation AW,, = W ((n+ 1)At) — W (nAt), and Sa¢ = (I — AtA)~'. Note that we have
added the regularization operator in the diffusion coefficient: e™.

Below we omit to write the dependence on §,7, At and write X,, instead of X2™4f All constants are
independent on J, 7, At. Moment estimates for X, are given by Lemma 5.1 below.

Lemma 5.1. For every p € [2,00), o € [0, %), M e N* and T € (0,00), there exists C(p, M, T), such that
for everyn € {1,..., N} (with NAt =T), and every x € D, ((—A)%)

E|(—A)* X, (2)|75 < C(p,, M, T) (1 4,2 [a|7), (37)
E|(—A)* X ()17 < Cp, o, M, T) (1 + [(—A)*x|2).
The proof of Lemma 5.1 uses the two following results.

Lemma 5.2. For every € [0,1) and p € [2,00), there exists C(p, 3) such that for every n € N*

C(p,B)
e

‘(*A)BSZAC(LP) <

Lemma 5.3. For every 8 € [0,3), p € [2,00), and & € (0,2 — B), there exists C(p, B) such that for every
n € N*

n Cy(p, B)
‘(_A)ﬁSAt‘R(LQ,LP) = I
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Both results in the case p = 2 are obtained by straightforward computations, thanks to expansions using
the eigenbasis (en)n N of A. When p € (2,00), the arguments use properties of the analytic semigroup
(e“‘) >0 in LP. The proofs are given below since these results are not standard in the literature for SPDEs.
Arguments from [42] are used. The results are in fact valid for p € (1, 00).

Proof of Lemma 5.2. The case 3 = 0 follows from the two inequalities [Sa¢|z(z2) < 1 (which is proved using
expansions in the Hilbert space L? with the complete orthonormal system (ek)kEN*) and [Sa¢|z(pey < 1.
By a standard interpolation argument, we thus have |S”+1 |£(LP <1 for every p € [2,00].

Define the resolvent R(X, A) = [ e *Me'Adt, for A € (0,00). Then Say = a; R(a;, A). First, for x € LP,
we set y = Sazz. Then |y|re < |z|re, and Ay = E@ — z). We thus obtain

2
|Ay|Lq = |ASAt$|Lq S E|Z‘|Lq.

Second, when n € N*,

nl|(—A)R(), A) "'H:E’Lp }/t"e_)‘t etA:rdt|Lp
0

oo

ﬁ)/ef)‘ttnfldﬂxh;p

0
< Cp, B)(n = L)IA"[z|r.

This gives |(— )S"H’ﬁ(m) < %, for n € N*. Thus the result is proved for § = 1. The case § € [0,1)
follows by an interpolation argument (see [48], Theorem 1.15.3):

’SnJrl 1-— ﬂ C(p7 ﬁ)

(A3 e, < e (~A)SKT STl
n

i’LP x|Lp

This concludes the proof of Lemma 5.2. 0O

Proof of Lemma 5.3. Let (’yk)
variables, 5 ~ N(0,1).
Then, using standard properties concerning moments of Gaussian random variables,

N+ denote a sequence of independent standard real-valued Gaussian random

(= AP SR e[ 1y = E|Z% )7 Sk sexl],

(E| ZW SAtek|Lp)%
< ([5ISN maessn)’
“

< ([0 e @) )’

E’Z 1+/\ AT A" k(f)7k|2)

~ O\H

(=)
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Using Property 3.1, and the estimate

Z)‘w (1 +)\kAt ZYW% —AHESR el < Cut P
which follows from Lemma 5.2, we get the result. O
Proof of Lemma 5.1. First, note that, for 0 <n < N,
n—1 n—1
Xo = SR,w+ Aty SAFBG(Xi) + Y Sk Fe o (X) AW (38)
k=0 k=0

Thanks to Property 3.2, inequality (15), and Lemmas 5.2 and 5.3, we have for k > 0 such that 2a+2k < 5

n—1
E|(—A)* Xaf2 < Cl(~A)* 830 + C(AE Y [(—A) TSR o)

k=0

+cxayz e (X AW,

. n—1 2

<Ot z2, + O Atzt ") +0AtZE‘ )" S8 e o (X g o)

n—1 2
< O(L+ 1% al7,) + CAL Y |(=A)*SK; k|R(L2 o Bl o (X))

k=0

<C(1+t; 2°‘|x|LP+AtZt 2T,
k=0

This proves (37) in the case M = 1. The case M > 1 and the second estimate of (37) are obtained with
similar computations combined with standard arguments. This concludes the proof of Lemma 5.1. O

5.3. Regularity results for an auxiliary process

The objective of this section is to state regularity results for the first and second order spatial derivatives
of the function u%7 defined by

w7 (t, ) = Eps (X7 (¢, 7))], (39)
where 7 is an auxiliary regularization parameter, and the process X7 is solution of the SPDE
dXPT = AXPTdt 4 G5 (XD dt 4 €™ o5 (X0T)dW (E),  XP7(0) = a. (40)
Let us also define the function u>™4 : {0, At,..., (N — 1)At, NAt =T} x H — R, by
u A (nAt, x) = E[ps (Xff’m(x))}, (41)
where X27™A(z) is the solution of (36) with initial condition .

Note that when 7 — 0, X%7 converges to X°, for all § > 0. In addition, the discrete time process defined

by (36) is obtained by temporal discretization of X%7. Sections 5.4 and 5.5 are devoted to proving new
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regularity estimates for Du®"2t(NAt, z) and D?u®™AY(NAt, z), with T = NAt. We omit writing these
expressions, which contain many terms vanishing in the limit At — 0. Indeed, passing to the limit At — 0,

4,7

the following regularity results for the auxiliary function %" are obtained.

Proposition 5.4. For every 8 € [0,1) and x € (0,1), there exists Cp (T'), such that for every é,7 € (0,1),
x € LP and h € L%

T C ,H(T) —
| Du®7(T, z).h| < %(1 B ) (= A) P h| L. (42)
Proposition 5.5. For every 3, € [0, %) and k € (0,1), there exists Cg . (T') such that for every 6,7 € (0,1),
x € LP and h, k € L™

Cps(T)

2, 8,1
|D*u"™ (T, z).(h, k)| < e

(1 L5 )1 (= A) PRl (~ A) 7 s (43)

Lmax(p,2q)

Observe that the right-hand sides of (42) and (43) contain a singular factor 7—". It is important to note
that the exponent x is positive but arbitrarily small. Proofs of Theorems 4.2 and 4.3 require the use of an
interpolation argument to get rid of the parameter 7, indeed passing to the limit 7 — 0 is not sufficient.

Details are provided in Section 5.6
In Section 5.4 and 5.5 below, the analysis is performed with fixed parameters 7 > 0 and At > 0, i.e. at
a discrete time level.

5.4. New expressions for derivatives in the discrete-time framework

The goal of this section is to derive new expressions for Du®™2%(¢, 2).h and D?*u®™A(t,z).(h, k). This
is done by repeating the discussion of Section 5.1, and the formal formulas are turned into rigorous ones for
the discrete objects.

Thanks to the regularity properties of G = Fy 4+ BF5, 0 and ¢, see Properties 3.2, 3.3 and Assumption 3.4,
for every n € {0,1,...,N}, z € L? v u®"(t,, x) is of class C?, and it is straightforward to prove
recursively that:

o the first order derivative satisfies
Dub A (b, x).h = E[Dgotg(Xn(x)).nm (44)
with g% = h and, for n € {0,..., N — 1},
M1 = Sam + AtSarG5(Xn) )y + Sare™ (05(Xn)n)) AW, (45)

Recall that Sa; is defined in (32)
o the second order derivative satisfies

D*uT At x).(h, k) = E[D%ps (X (). (0, k)] + E[Des (X (2)).¢hF], (46)
with Cg’k =0 and, for n € {0,..., N — 1},

CF = A+ AtSAGE(Xn). S + Sase™ (05(X0).CF) AW,

(47)
+ ALSAGY (Xn)-(nt,mk) + Sae™ (05 (Xn). (0, nf)) AW,
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Define the auxiliary process (772) by

0<n<N?
~h h ~h
M =M — SZth y Mo = 0. (48)
Again, in order to simplify the notation, most of the time we do not mention the parameters §, 7, At.

Our objective is to obtain the following estimates, with arbitrarily small x € (0, 1):
Cs.x(T)
§,7,At B,k

Cs.4.x(T)
2, 6,1,A Bk
D*u®TANT, z).(h, k)| < THiror

Lrnax(p,Zq)>K+1‘(_A>_/Bh|L2fJ7 /B S [07 1),

(49)
1
(14 [2] ooz ) (= A) 7Ol paal (= A) 7 El 30, By €10, 5).

Note that the right-hand sides do not depend on At and on J. Passing to the limit when these parameters
go to 0 is straightforward.

We now do perform similar computations as in section 5.1 but on the discrete processes so that we do

not have to manipulate anticipative integrals.
Define random linear operators (IT,,),_ __, as follows: for every n € {0,...,N — 1} and every z € H

I,z = Sarz + AtSa Be™ G (X)) 2 + Sae™ (0! (X0n).2) AW,,. (50)
Note that II,, = II(X,,, AW,,) with the deterministic linear operators II(z, w) defined by
(x,w)z = Saz + AtSABe™ F'(x).2 + Sae™ (o' (z).2)w.
We emphasize on the following key observation: II,, depends on the Wiener increments AWy, ..., AW, _;
only through the first variable of II(-, ), and depends on AW,, only through its second variable.
Introduce the notation IT,, 1., = I,y .. . Iy for £ € {0,...,n — 1}, and by convention IT,,_1., = I. These

operators are the discrete versions of the evolution operators I1(¢, s) introduced in Section 5.1.

Recursion formulas for n”, 7" and ¢™*, are rewritten in the following forms:

n7}1L+1 = Hnnﬁ ) 77(})1 = hv
iy =il + AtSAG (Xn).Shih + Sare™ (0 (Xn). Sk ) AW, (51)
¢ = TLCF + ALSAG" (X0).( nE) + Sare™ (a” (X,). (k) ) AW,

A straightforward consequence of the first equality in (51) is the equality

772 = anlzoha (52)
for every n € {0,..., N}. Moreover, we get the following discrete-time analogs of (35), now taking into
account also nonlinear drift terms:

n—1 n—1
=AY 101 SaG (Xe).Sach + Y T_1041Sae7 (07 (X0). S8, h) AW,
£=0 £=0 (53)
n—1 n—1

CF = ALY Ty 101 SacG" (Xe)-0f ) + > M1 Sare™ (07 (X0). (!, 1)) AW
=0 =0
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We treat separately the contributions of the drift and diffusion terms and introduce

n—1 n—1

it =AY Mpo104158:G (Xe).Sah o ih? = T rup1Sare™ (0 (X0).Sh,h) AW
£=0 £=0
n—1 n—1
Rt =AY 141 SaG (Xo)- () 5 P = T vuepaSace™ (0" (Xo). () mf) ) AW
=0 £=0
(54)
Using n* = S%,h + @il>! + ij/>2, we obtain the decomposition
Du?"34(T, 2)-h = E[Dp(Xy).(SXh)] +E[De(Xw) "] +E[Do(Xn)-1y"] (55)
h,0 h,1 h,2
=Dy +DyN +Dy°,
where to simplify the notation we write ¢ instead of ;.
We also obtain the following decomposition for the second-order derivative:
D2udm AT, x).(h k) = E[D%*0(Xn).(n, 1%)] + E[Dp(Xn).C"'] + E[Dp(Xn).C™?) (56)
h,k,0 h,k,1 hok,2
=ENTTHENTT HEN

The term ’D?V’O is straightforward to estimate using Lemma 5.2. The terms 51}(,”“’0, D%l and Sj}f;k’l are not
very difficult thanks to Lemma 5.7 stated below.

Finally, the terms D}Ii,’z and 6']’:,’k’2 contain the discretized two-sided stochastic integrals and are treated
using the Malliavin calculus duality formula. Note that in the discrete time setting, this formula can simply
be considered as a standard integration by parts formula in the weighted L? space corresponding with
Gaussian density.

Let us first consider the first order derivative term D?v’z. Introducing the adjoint II;_.,, ; of the operator
IIn_1.041, We get

2
L

Di? =E[(Dp(Xn), Y Tn—1041Sae™ (07 (Xe).S4:h) AWL)]

=0
No1 (t+1)A
= SB[ i De(Xn), [ SaremA (0! (X0) S5 H)dW ()]
=0 (At
N—-1
=> DNy
£=0

We now apply the Malliavin calculus duality formula, and we get for every ¢ € {0,..., N — 1}

(£+1)A

NZ - Z E / D? (H;V—l:é-‘,-lD(p(XN))aeTASAt(OJ(Xé)-SKAth)ei>dS
ieN* AL
(e+1)At
= Z E / D (Dp(Xn), In_1:041€7* Sa (J'(X@).Sgth)ei>ds
1EN* AL

k2l h,2,2
=Dyy +Dy"
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where, thanks to the chain rule,

(04+1)At
D2 =Y E / %(Xn).(DgiXN,HN,LMeTASm (a’(Xg).Sgth)ei)ds,
1EN* AL (57)
(L+1)At
D22 =Y E / (Dy(Xy), D (HN_LMJASM (a’(Xg).SeAth)ei))ds.
1EN* AL

. . . . 2 .
Similarly, for the second order derivative term Sji\b,’k’ , we write

N—-1
ext? = Z E[(Do(Xn), dn—1.041Sace™* (0" (Xe). (0}, n) ) AW,)]
£=0
N1 (L+1)At
= SB[ e Do(Xn). [ Saee 0" (X0 ol ) AW ()]
£=0 IAt
N—-1
S CTRE )
£=0
with
(0+1)At
Exit ZE / (XN)-(D?XMHN-l:e+1€TASAt(U"(Xl)-(ﬁél,n?))ei)dé’,
LAt
(+1)At (58)
Elh22 - ZIE / (Dp(Xy), DS (HN,LHleTASAt(a"(Xg).(néﬂnf))ei)>ds.
LAt

For completeness, the new expressions for the first and second order derivatives of u%7?* obtained by

our original strategy, are rewritten in the following proposition. They are obtained by inserting (57) and (58)
in (55) and (56), and using (47).

Proposition 5.6. The first and second order derivatives of u>™* have the following expressions:

n—1

Dus™ AT, 2).h = E[Dp(Xy).(SX,h)] +E {D@(XN).(At 3 Hn_l:gHSAtG’(Xg).Sgth)}
=0

N1 (e+1)At

+Y Y E / chp(Xn).(D?XN,HN_MHJASN (a/(Xg).Séth)ei>ds
£=0 ieN* AL
N1 (e+1)At

+ Z Z E / (Dp(Xy), DS (HN,MHeTASM (a’(X,g).Sgth)ei)ms,
£=0 ieN* AL

D2PT AT, @), (h, k) = E[D%0(Xn). (n,nfy)] + B[ Do(Xn). (A > Mocsi1Sae G (X0 )
£=0
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(L+1)At
+ Z ZE / (XN).(D:iXN,HN_1:g+1€TASAt(O'/I(Xg).(’r]g,T]?))el')ds
g At
(e+1)At
+ Z ZE / D(p(XN),Dzi (HN_LH_leTASAt (O'H(Xg).(ng, T]?))ei)>d8.

LAt

5.5. Estimate of the derivatives

5.5.1. Auxiliary results

To control the terms appearing in the expressions of Du®™AY(T, x).h and D?u®™4Y(T, z).(h, k) in Propo-
sition 5.6, we see that estimates on the random operators Il _1.¢+1, and on the Malliavin derivatives Ds X
and Dslly_1.041, for s € (fAt, £+ 1)At) are needed.

Lemma 5.7. For any q € [2,00), M € N*, T € (0,00), and 8 € [0 ,2) y
v e0i- ﬁ) for q # 2, there exists Cg(M,q,T), such that for any 0 <
J(AWO, cee AWg,l)—measumble random vector zg, then

€10,1) if ¢ = 2 and
{ < n < N, and any
1 1

(BI(=A) ez 75) ™ < Cp o (M, p, TN, (BI(—A) P 2] 131) ™ (59)

Lemma 5.8. Let £ € {0,...,n— 1}, and s € ((At, (0 + 1)At). Then
DX, =, 100158740 (Xy). (60)
Lemma 5.9. For any q € (2,00), £ € (0,3), and T € (0,00), there exists C.(q,T) € (0,00), such that for
any0 </l < N-—-1,anys e (ﬁAt, e+ I)At), any z € L?7 and any U(AWO, cee AWg_l)—measumble random

vector 0y, then

E|D{*IL,—1.0412[7

1 1 1
< Cr(q, T) (El0e 20 ? (At(l + ) elfe + Laseg2 (1 + %+l+%)‘(—A)_%+”z|izq). (61)
tn—é—l tn—;—Z

Moreover, when £ = N — 1, DIy _1.0412 = 0.

In (61), the quantity foHN,MHz is interpreted as the image of 8y by the linear operator DIl _1.0412.
The assumption that the random vector 6, is J(AWO, S AW, 1) measurable is crucial.
The proofs of Lemmas 5.7, 5.8, and 5.9 are very techmcal and are postponed to Section 5.7.

5.5.2. Estimate ofD;L\,’1 and of Sg’k’l
Using the Cauchy—Schwarz inequality, Lemma 5.1, and Assumption 3.4 on ¢, we have

D] < OO +lelee) @A) (66" < OO+ lalsn)  (BIG™)
and below we control the moments of 7! and (%1, for every n < N.

We treat DZ;l first. Thanks to (54), applying Lemma 5.7 gives, for x € (0, 1),

n—1
(EI712,)? < OAt S (B 10415a¢G' (X0).55,h],)
=0
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n—1
< Cutt S 12 (B](—A)HH S G (X0).S4h )
=0

n—1

< CAE Y 1 B (X0) S5,0)7,)
=0
n—1

+CRALY ) 2*”(E| _%+KBF2/(XZ)'SéAth’iq)%'
=0

By Property 3.2, we get
’ ¢ 112 \3 1 -8 -8B
(E|F1(X0).Sach|},)? < ClSAhlLa < Clogot, "|(—=A) Phlra + Lo=o|h|La.
Using successively (15), (12), (9) and (10), and recalling that Fy(z).h = Fj(x)h is a product,

(E|(—A) "2+ BFy(X,).58,h5,) < C(E|(—A)* F5(X,).S4,h5,)°

IN

CR(| (=AY F4(X0) | (=4S, )
< O(1L+ El(=A) " Xef3a,) * (= A)™ S bl .
Let x > 0 be such that g+ 7k < 1. Then, thanks to Lemmas 5.1 and 5.2
(BI7L2,)? < Oty " Atlhl o + Ot 7 )(—A) P
+ Ot 2T AL+ (=AY ) | (= )R oo + OB (1 4[] o) | (= A) Pl

< OO+ (= AV ] )| (— AV Bl 20 + Ct2 " (1 [l 20)] (— A) B 20

and we conclude that
h,1 ik K 4k 3k
DR < CAtZT (14 Jaln) ™ (1+ [(=A) | 120)[(—A)** D] 20

K— K _
+ 2 (1 2] ) S (U 2] 20) | (= A) PR 20

We now treat 5 -1 with similar arguments. Thanks to (54), applying Lemma 5.7 gives, for € (0, ),

I
-

n

(E‘Chklhq)é S C At

N

(E|TL, - 1.0115a:G" (Xe)- (0} 1) |Lq)§
¢

3H
<
,_.

<C AtZt 5 B E OG-l b))
£=0

1
+Cy AtZt 2 (E|(—A) 2 BEY (X)) () [2,) 2.
Recall from (52) that n' = II;_1.0h. Property 3.2 then gives

2 3 —B— _ _
(E}F{/(Xg)(n?,’r]g)hlq)Z S C]lg?gote'g ’Y‘(*A) Bh|L2q|(*A) ’Yk|L2q +Cﬂg:0‘h|LZq|k|L2q.

The remaining term is treated similarly to the one in D N . Using successively (1

5), (12), (9), and (10):
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(E|(—A) "2 BEY (Xo).(f,nf)|5.)? < C(E|(~A)FFY (Xo)-(nlt 1) |2,)

< CE(’(—A):;KFQH Xz ’qu‘ A)4n h

1
ML | (A k]2 ,,) 2
1 1
< O(I1 +BI(=A)" Xel5a) * (E|(—A)ynf]5.,)" (BI-4) 0]}, )"
< Cllysoty 25797V (1 4 || 120) | (= A) PR paa| (—A) VK| 110
+ Cllmo (|1 + (= A) " 120) [ (= A)* B oy [ (AR

thanks to Lemma 5.7, for k > 0 chosen sufficiently small to have 4x < i — 8—1q
We thus obtain, if g+ v+ 12k < 1,

(EIC%12,)? < CAB R o || 20 + CALTR (1 4 |(— A)* 2] 2,)

(—A)*h| Lo | (—A) k| Lo
+ Ot T 4 (] p2a) (= A) P e | (— A) 7R e
< CAt%Jf“(l + |(—A)4”x\qu)|(—A)4”h|L4q|(—A)4"k|L4q

+ O3 M 20 [(—A) PR aa (— A) VR o
and we conclude that
lev® ! <o+ \x|Lp)KAt%+F~(1 (=AY f20) | (—A) R paa | (— A) K] Lag
K— K _ _
+OtN Heeae Y1+ |zle)” (14 |zl p20) | (—A) PR pas|(—A) "7k a0

5.5.8. Treatment of Dﬁ,’Q and of 51}\?]“’2
We use the following basic identities:

(o' (X0).Sa,h)ei = Y (0 (Xe).Sash)eirej)e; = > (0! (Xe).Sh,h)e;, eide;

JjEN* JEN*
(62)
(" (Xo).(n i) )es = Y (0" (Xe).(npmf))eises)es = > (0" (Xe).(nt o)) €5, €i)es,
JEN* JEN*

thanks to (19), from Property 3.3.

The parameter 7 > 0 plays an important role in the estimates below, to ensure summability with respect
to 7 € N*. Indeed, since Lemmas 5.7 and 5.9 are restricted to powers of —A strictly less than 2 5, the
computations below for 7 = 0 would only provide upper bounds in terms of > y )\j e +00.

Control of D?Vil
From (57), (62), and Assumption 3.4, we have

(L+1)At
h2 1| = ’ Z E / (XN).(’DSXN(U’(XZ).SZNh)ej,HN_l;g_,_leTAS’Atej)ds’
JEN* gt

(L+1)At

C+]al)E S / (E[Tx— 1167 S ares 2, E| DXy (o (X0) S5, h)e; ) Hds.
JEN" Ay
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On the one hand, by Lemma 5.7, for £ € {0,..., N — 2},
TA 2 2+“ —lik TA . 2+’€ —2H 7%7“
(E‘HN,L(JHG SAtej|Lq) < Ct | 27 e SAteg‘Lq < CtN 11T )‘j .

When ¢ = N (IE|HN 10416 SAte]\Lq) |€TASAt€]|Lq < CAt"*"””/\ 3K
On the other hand using Lemmas 5.8 and 5.7, and then Properties 3.1 and 3 3,
(E|Ds XN (a’(Xg).SéAth)ej‘iq)% = (IE‘HN_MHSMJAG(X@)(a'(Xg).SeAth)ej]QLq)%
< C(E|o(X,) (o (Xe).Shch)e;|2) 2
< C|Sash|,,
< Cligzoty *|(—=A) Phlpa + Clo—o|h Lo

Recall that > )\j_%_m < oo by Property 3.1. This yields

JEN*
N— 1
h21 C(1+ |afrr)™ | —14k 3+h— 5 -8
=0 T2K ( : At|h|L"‘~"52 ’ h|Lq)'

Control of DK,’?Z’Q
Thanks to (57), (62), and Assumption 3.4, we get

(E+1)At
o’ .S4 e T
[DNE’| = ‘ > E / (Dep(Xy), D7 K52y e ASAt€j>ds‘
JENT gt
(+1)At

’ ¢ i 1
C(1+ ‘x|LZ’>K Z (]E]Dé” (Xe)-Sach)e; HN,1;5+1€TASAt6j‘iq) 2ds.
JENT gAe
In addition, observe that D]}Q%\,Q 1 = 0, thanks to the second part of Lemma 5.9. Applying the estimate
in Lemma 5.9, for £ € {0,..., N — 2}, one has

(E|D(a (Xe)-Shch)e; Oy_1.041€7 SAteJ|L‘1)

1

4\ 7 1
C(E|(o'(X,).S4:h ej‘m’)mmsme ej|qu(1—|——+n)
tN Z 1
4\ 1 —1lik T 1
+C(E[(o"(X0) Shih )¢j| paa| ) P hean—a|(=A) T2 Sase A€j|L2q(1+m)
tN_eto
- —1l_g At” Toen—
< O(Lesoty *1(=A) PRl + Loolblien ) 2N 2T (14 s + op )
tn-ilr il

This yields

k=B _ At
U+ ta i) (1A Rl + == hlzan).
N-1
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Control of 51}{,’)12’2’1
Thanks to (58) and Assumption 3.4 we get

(e+1)At
exit| = ’ Y E / D*o(XN).-(DsXn (0" (Xe)-(nf 1)) €5, M 104167 Sme])ds’
JENT pAy
(L+1)At
1
O+ |a|e) Y / (B[ sies16™" Sare [FoE[ DX (o (Xo)-(nf' s )5 1,) * ds
JEN" yn¢
On the one hand, by Lemma 5.7, for £ € {0,.. — 2},
TA 2 % _%“"’9 —2K _%_H
(]E‘HNflszrle SAtej|Lq) < CtN—Z—lT /\j .
1 _1_ g
When ¢ = - ]. (E|HN 1: g+1eTASAt6]‘|2Lq) 2 = |6TASAt€j|Lq < CAtiéiﬁ)\j 2 .

On the other hand, using Lemmas 5.8 and 5.7, and Property 3.3,
(]E"DSXN(O'N(Xg).(n?,T]éf))ej‘iq)% = (E‘HN_l;g_;,_lSAteTAO'(Xg)(O' ( )
SC(E|0(XZ ( N(Xé) (Wﬂ?e )eJ’Lq)

1 1
< C(Elnt[42,)* (Elnf[4.,)

< Clyzoty "7 [(—A) P hlg2e|(—A) k| p20 + Clo—g || 20 k| 20

1
(77 a77 )e]’LCI)2
1
2

This yields

N—

H

1+ ZlLpr K K—[— _ _
et < ST (Ot Al e+ 1475 (=) Rl (- A) K] ).
£=0
Control of 51’\1,122 2

Thanks to (58), (62) and Assumption 3.4 we get

(t+1)At

12 h k .
‘ S E / (Dp(Xy), DL X0k m[))SJHN71:2+137—ASAtej>d3’
JEN* Ay

hk22
5

(L+1)At

(X)), h, ke T 2 1
< C(l + |1‘|LP)K Z (E|D§ (Xe)-(ndm¢)) JHN_1:€+16 ASAtej|Lq)2d3'
JEN* yA¢

In addition, observe that 51}\1,”2]\’,271 = 0, thanks to the second part of Lemma 5.9. Applying the estimate
in Lemma 5.9, for £ € {1,..., N — 2}, one has

(E‘ng”(Xz)‘(n?mf)

(S

)ej A 2
Mn_1.e41€" " Sacej|1q)

1

1
C(E| (U//(Xe)-@??’ n?))ej |qu ’4) AL |5At€TA€j|L2q (1 + m)
i
1 1
+C(E[(o"(Xe)-(n'sn)) 5] 2 | )‘1‘]1@<N—2|(*A)*%+”5At€m€j|L2« U+ =)
t4 2q
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< C(EInP 3., )F (ElnkIE, Ve =262 7" (1 At® LTycn—2
> ( |77£|LQEI) ( |77€|L2<1) T j ( + %+ﬁ+ﬁ+ i+271{1+,€>
thffl tN7£72
4 _ _ o _1_ AtF Toen—2
< O(Lasoty 1= A Phlaal (= A) k|0 + Loolhlzaalklpan ) 7=20 ¥ (L 5 e + g )
tn_el1 tn_ilo

This yields

N

[

C(L+[alen)™ | 3%

— 3 2’;71{757 _ _ At
|En™?] < (@t 3T (A Phlgaal (~A) ki + ol sk 20 ).

7—2n
£=0

5.5.4. Estimate with 7 > 0
Gathering all above estimates, we have — recall that tx =T - for 5 € [0,1):

Duf ™A T, ) b = [DR° + DR + DY
< CT P (14 |2/10)*|(=A) P hla
+ CALT (14 [2]10) ™ (14 (= A) 2| p20)| (— A)*R 12

1 _gu_ K _

+CT> (14 JalLe) " (1 + |2]L20)[(—A) P B L2
Cc(1 ») K

L O+ fal)

7_211
C(L+ |z[pe)" S - Al
_’_wu_%j% 2q ﬁ)(|(—A) Bh|L2‘1 +T|h|L2q)'

7-21@

(T3 Atlh| o+ t575°|(—4)~Ph],,)

Letting At — 0 yields Proposition 5.4. Similarly, gathering all above estimates and using the identity
D2uSTANT, ). (hy k) = ENFO 4+ ERFL L glh2 gives a similar estimate for D2ud™24(T, z).(h, k). Letting
At — 0 then yields Proposition 5.5.

5.6. Conclusion of the proof

To deduce Theorems 4.2 and 4.3 from Propositions 5.4 and 5.5, it remains to explain how to get rid of
the singular factor 77" in (42) and (43). This is done thanks to an interpolation argument. We need the
following result, which is not optimal — we expect an order % in (65) as in (63) — but sufficient for our
purpose.

Proposition 5.10. For every x € (0,1), T > 0, there exists Cy, (T') € (0,00), such that for every ,7 € (0,1),
x € LP and h, k € L%

W7 (T, @) = us (T, 2)] < Cu(T)75 (1 + [a[ ) (63)
|(Du®™(T, ) — Dus(T,z)).h| < Co(T)r 17" (1 + |2[5,) |1 o (64)
|(D*u™(T,x) — D?us(T, @) (h, k)| < Cu(T)75 75 (1 + [2|5,) B Loa K| 130 (65)

The proof of Proposition 5.10 is postponed to the end of the section.

We are now in position to conclude the proof of Theorem 4.2, as a consequence of Propositions 5.4
and 5.10. Identifying the first order derivative with the gradient, and letting %Jr 2—1q = 1, we may rewrite (42)
and (64) as
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Cs,x(T)
L — T»@Tﬁ

|Du’™ (T, x) — Dus(T,z)|,, < Cu(T)r =% (1+ [a]10)

|(—A)? Dud"(T, z) (1+ ] )™ (1 ] 20),

for 5 €[0,1). Take 7, =27%, 0 < B < B<1, A= % and K < %(1 — A). Then we may write:

[(—A) . < Z{ Du‘S Tt (T, 22) — Du®™ (T, )|,

keN

< Z{ Du6 Tt (T, ) — Du®™ (T, z)) 2T|Du577’“+1(T, x) — Du®™ (T, T)|, A
keN
C v“(T) K —k)(1—

< 5T7B(1+ \x|Lp) (L + [z[z2q) Z2k( ME-R01-A)

keN

Cp (T

< @7()(1 + ‘$|Lp)K(1 —+ |IJ’J|L2q).

This yields (28), and concludes the proof of Theorem 4.2.
We proceed similarly for the proof of Theorem 4.3, and thus we will not provide all the details. Identifying
the second order derivative with the Hessian, and letting 1 + 4171 = 1, we may rewrite (43) and (65) as

< CIB17¢’{(T>

2,6, o
|(_A)’YD U (T,I')( A) LT — TKTB""Y

(1+ [2]£0) (1 + |2[2a)|h| 3o

| (D*u>™(T, x) — D?us(T,x)) |, < Cro ()57 (1 + |25 |h] pta-
Let us first take 8 = 0 and take v <7 < 2, A = 2 and K < £(1 = X); then, for 7 < 7,

|(=A)" (D*u*" (T, z) — D*u*>" (T, z))

1-X

< |(=A)7 (D> (T, x) — D*u™7(T,2)) b}, | (D*u®7(T,x) — D*u®™"(T,2)) b},

C’Y,K(T> 8(1 A)— K(

\ /\

14 |x|Lp) (1 + |x|p24)|h| paa-
Since D?u is symmetric, it follows replacing v by 3 € [0, %)

Cﬁ,ao (T) Ta

| (D*u (T, z) — D*u>™(T,x)) (—A)°h|,, < TF 90 (1 4 [2]20) " (1 + 2] £20) ] L0,

for ag < (1 — ). We then repeat the argument to conclude the proof of Theorem 4.3.
To conclude this section, we give a proof of Proposition 5.10.

Proof of Proposition 5.10. Again, we omit to write the dependence on ¢, for instance we write u” and u
instead of u®7 and wus. Also, we only treat the case ¢ > 2. For every 7 € [0,1), let (XT)O<t<T denote the
solution of

dX7 = AX]dt + G(X])dt + e o (X])dW (t), X ==,
so that u™ (T, z) = E[p(X])], X° = X and u® = w.

We first prove (63). Due to the regularity conditions on the test functions ¢, see Assumption 3.4, it is
sufficient to prove the following bounds: for every M € N* and every p, ¢ € [2,00), for every « € [0, %) and
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k > 0 sufficiently small, there exists Cir,p () € (0,00), such that for every 0 < ¢ < T and every z € LP,
we have

1
(EIXTO) ™ < Crnpanm(T)(L+ |z]20),

. (66)
(E[X7(#) - X° M) ™ < Crmpan (T)T57"

For simplicity, we treat only the case M = 1. The first inequality is easy because Fi, F5, and o are
bounded.

Since (e />0 18 an analytic semi-group on LP for every p € [2,00), it is standard that for a € [0, 1),
there exists C(p,a) € (0, 00) such that

tA)

‘(_A>_a(eTA - I)‘L(Lp,Lp) < C(p, a)Ta' (67)

Let us write e, = X7 — X%, e, = el + €2 with

1 _
e; =

IRXD) ~ B X ds + ([ e (XT) - o(X)a (5

+ [ (7 = 1) (X)W (s),

O\“ o\“

which yields, thanks to Properties 3.2 and 3.3,
t
Ble (), < C [ BIXT - XYf3,ds
0
t
L —STT 2 T
+C’/|(7A)2qe(t + )A|R(L2’Lq)E|XS — X902 ,ds
0
t
A = D [CAF AL s
L(La,L7) R(L?,L9)
0
/ 1
< 0/(71 +1)E|X] — X23.ds + Cr2 72,

)z tetr
J (t—s)2Ta

using a continuous time version of Lemma 5.3.
The equation for e? is

d

Eei = Ae? + (BF»(X") — BF»(X")), €2(0)=0.

We estimate e2 by an energy method. Recall that we work in fact with regularized coefficients, G5 =
BedAFy(e?-) + 94 Fy(e?-), so that both X7 and X are sufficiently regular to justify all the computations.

Multiply the equation by (e2)?~!, integrate in space to get thanks to standard manipulations as in the proof
of Lemma 5.11:

d _
S < X7 = Xofale2]
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and
d
dt|6 0« <clXT — X0|%q.

Integrating in time and adding with the inequality above yields:

q

t
1
E[X{ — X?EQ < C/ <m + 1) E| X7 — Xg 2qus + CT%_2H
— S
0

and (63) follows from Gronwall Lemma.

The proof of (64) is similar but longer; details are left to the reader. Finally, instead of proving (65) with
similar long but straightforward arguments (and a better estimate with TiTR s obtained), it is simpler to
use Proposition 4.5 for ki, ks, ks € L3

|DPus(T, ). (1, ko, ks)| < Co(T)(1 + [a|e) " [k |Lsal k2| Loa |ks| 3o
and get the result by an interpolation argument. This concludes the proof of Proposition 5.10. O
5.7. Proof of the auxiliary lemmas

Proof of Lemma 5.8. Thanks to (36), we obtain

X, = S X+ AtSRIG(X)) + S e o (X)) AW,

n—1 n—1
FAL Y SKTG(Xm) + D SR Ao (X ) AW,
m=F+1 m=¢+1

where X, is U(AWO7 ceey AWg,l)—measurable. Thus D, Xy = 0 for s > (At.
Moreover, D!AW, = 6 and, for m > ¢, DYAW,, = 0 for s € (¢At, (¢ + 1)At). Using the chain rule, we
thus obtain, for n > ¢ and any 6 € H,

n—1
DIX, = Shle™o(X)0+ At Y SR;"G (Xm) DI X, + Z ST A (0! (X)) DX ) AWy,
m=~+1 m=¢+1

which in turn gives D?X,, = II,,_1D? X,,_; by definition (50). Since D?X,, 1 = Sare™ o (Xy), equality (60)
is satisfied, and this concludes the proof of Lemma 5.8. O

Lemmas 5.7 and 5.9 are both consequences of the following technical result.

Lemma 5.11. Let g € [2,00), M € N*, T € (0,00), and 8 € [0,3). There exists Cg(M,q,T) such that the
following holds true.

Let £ € {0,...,N — 1} and consider a U(AWO, cee AWg_l)—measumble random vector zy, and two se-
n>0je{1,2)7 such that ZJ is U(AWO, cee AWn_l)—measumble.
Define the sequence (er)

quences (Z%)

v<n< N byYf:zz, and forn > /¢

VE=TL, 1Y | 4+ AtSaiGrot + Sae™ (0" (Xp1)(Zh 1, Z2 1)) AW, 1,

with Gp—1 = G"(Xp-1).(Z}_1,Z2_1).
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Then, when q > 2, and everyn > £+ 1,

1 n—1
BV Y < 00101 (GHEI-A) P2l % + 80 3 (14 B (V)

1,1
m=~( t;—_"—%—‘r
n—1 1
L 1
+Atmzzé(1 i t%"‘% )(E|Z1|L2q>2M (]E|Z2|L24)2M>.
When q = 2, for everyn > £+ 1
02M\ 37 28 oM L i 1 P
(BIYP) < Co(M, e T 620BI(-A) P23+ A8 30 (1+ R (VA ) ™
= t2+1§
n—1 1
L 1
#8030 (1 ) (BIZE) H (BlZ] ).

Before we give the proof of this result, let us mention that it will be useful when combined with the
following discrete Gronwall Lemma, see for instance Lemma 7.1 in [22] for details. Lemma 5.12 will also be
used repeatedly in Section 6.

Lemma 5.12. Let p,v € (0,1), and T € (0,00). Assume that At = %, for some N € N*; for1 <n < N, let
t, = nAt.

Assume that the sequence (¢”)O<n<N’
C1,Cy such that for every 1 <n < N

with values in (0,00), satisfies the following condition: there exists

n—1
b < CL(L+117) + CoAL S 1479,
7=0

Then there exists C such that ¢, < C(1 +t;1#) for every 1 <n < N.

We now give a detailed proof of Lemma 5.11. We only consider the case ¢ € (2,00); the case ¢ = 2 is
treated with similar arguments, but with a slightly different treatment of the stochastic integral.

Proof of Lemma 5.11. Note that Yf Yl 4 Y2 ¢ where

n—1
Y= SR+ ALY SR (X)) Y, + Z SR (0! (X)) Y,E) AWy,
m=~{

+AtZFn1—|—ZS" e A (X)) (2L, Z2) AW,

m=/{
and
n—1 n—1
Y2 = ALY SR BEY(Xon) Yo+ At Y SR BFys,
m=~{ m={

where F, j = F{'(Xy).(Z,,, Z1,), § € {1,2}, are such that G,,_1 = F;,_11 + BF,_1,2. By Property 3.2,

|Fn,j‘2LJy < C|leL2qE|Z2 L2a-
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The quantity Y, is treated using properties of S7%, whereas energy inequalities are used for Y,? ¢ which
contains all the terms where the linear operator B appears
Using a discrete time version of formula (7) and the corresponding Burkholder—-Davies—-Gundy inequality,

as well as the ideal property (6), we get
n—1

>

E|YM[2Y < CE|ST 2 1 CE (
m=¢

M
(ISAT ™ F1(Xm)- Yol Lo + [SR7 €™ (0" (Xim)-Yiu) [ 12 Lq))>
M
(IS5 ™ Fona |7, + |53 TAU”(Xm)'(ZTlﬂ’Z72")|R(L2,Lq))>

n—1
+CE (At >
m=4~
n—1 . M
< Ot 2ME|(-A) P B + CE <At >+ A)%SZZW%<L2,L0>)E|Y£|%>
m=4~
n—1 M
+CE (At S+ 1(~A) % S5, ™ P o)) E [|Z;|i2q|z,‘i|m]> :
m=4~{
thanks to Lemma 5.2 and Properties 3.2 and 3.3. Thanks to Lemma 5.3 and Minkowskii inequality, we
obtain
2MN 77 —28 —B . |2M\ M = 1 ¢ 12M
(BIY, 3™ < O 20E ([(A) P2 + CAt Y (1+ — - )E (Yl 2)
m=~( th 7;21
n—1 1 N
+0Atz(1+ 141y )( [| L2‘1] [| mLz‘l]) e
m=¢ tn 731

We then estimate Y,>* with an energy inequality. First, note that

V2O V2 = At (AY2 + BFy(X,o1)Y | + Be™F,_15).

Then, multiply the above equation by (Y,2¢)7~! and integrate in space. Recall that A Oce, B = 0¢, and

that homogeneous Dirichlet boundary conditions are imposed. Standard manipulations, including using
Holder inequality and integration by parts, yield the following inequalities:

1
M \Lq gAt/ (V2597 YAV, 2 + B(FY(Xp—1)Yyi_y + Fro12)(V29)97 1) dg
0

1
d
1
—(¢g—1 At/Y”q 210 Y, 22 d¢
0
1
+(g—1 At/ L Ful10) (Y2120, Y P de
0
1
q—lAt/Y”q_ 2d¢
0
1

1
F OB [((V0 + (B ) (V2012 + At [ (1242 0y 2 Pdg
0

0
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1
< CAt/((erfl)Q 4+ (Fr_12)?) (V25 1724¢.
0

Recall that we work with regularized coefficients (with § > 0), so that ¥;> and Y, are sufficiently regular
so that the computations above are rigorous.
Applying Holder inequality, then Lemma 5.12, we obtain

n—1
V28, < et (Yl + [Fralf) Y|4

m={
V2,0 _ 2,6 .
Define Y,7* = sup,,,_, ,, |Y,w"za; then

n—1
V7. < (V)2 < CALY (Y [Ta + 1201324 2205 00).-

m=/{
Finally, taking expectation and using Minkowskii inequality yield

E (Y23 Z( (VAB)™ + (B (12512 E (122114)) 7).

m=£

Gathering the estimates on Y,1* and Y, concludes the proof of Lemma 5.11. O

Remark 5.13. For the case ¢ = 2; the contribution of the stochastic integral needs to be treated differently.
We have for instance, for any & € (0, %),

’SZ?”@TA (Ul(Xm>-Y£)‘2£(L2) = Tr((a’(X ). val) SA(t )BQTA>
—T/\i

2 e
= zl: | (U/(Xm)ery,) m@i’L2

1
012 2
< ClY,l72 E : (1+ Atx;)2(n—m) |ei|T,0
< YLt 2",

Proof of Lemma 5.7. For v = 0, Lemma 5.7 is a straightforward consequence of Lemma 5.11 with Z} =
Z2% = 0 and of the discrete Gronwall lemma, Lemma 5.12.
For v > 0, we write, with Y,f = 11,102,

n—1
= S%Ca A+ ALY SR G (Xm). Yok + Z SR (0 (Xm). Yo ) AWy,
m=£{

and, thanks to Lemmas 5.2 and 5.3, and (15),

n—1
1 1 _1_ 1
(E((—A)YAR) ™ < et/ E (I(-A) P23 ™ + At Y (1,2, 7 +1) (BIYV4H)™

m=/{

n—1 _l___Q . L%
e AN Y B 0 A 17 R



C.-E. Bréhier, A. Debussche / J. Math. Pures Appl. 119 (2018) 195-254

Using the estimate obtained for v = 0, and the condition % + % + 27 4+ Kk < 1, for sufficiently small x > 0,
then concludes the proof. O

Proof of Lemma 5.9. Again, we only treat the case g € (2, 00).

Define V! =11, 14112, where 0 </ <n—1.Iff =n—1,Y,! = 2, and thus for s € (KAt, L+ 1)At) one
has Dsz_H =0.Ifn>0+41,

VE=TL,1Y) | = SatVii | + AtSaG (Xp1). Y, + Sare™ (0/(Xno1). Yl ) AW,y
Using the chain rule and the identity D;AW,,_1 =0 for s < (¢ + 1)At < (n — 1)At, for every § € H

DY) = SADIY. | + AtSaG (X—1) DIV + Sare™ (o) (Xpe1) DIYE ) AW,y
+ AtSAG" (X p—1). (D! X—1, Y1) + Sare™ (0" (Xn—1).(D! X1, Y.L ) AW, 1.

We apply Lemma 5.11, with £ replaced by £ + 1, and 2,41 = 0, Z}, = Dme, 72 = erl), and M = 1. This
gives, for n > £ + 2,

n—1

1 1
E[DIY |7, < CAt Y (t,2," " + DEDIY 7,
m={+1
n—1 i . L
+OA Y (t, 2"+ 1) (B[P X 20) * (BIYG |120) 2.
m=~+1

Thanks to Lemma 5.8 and Lemma 5.7, when m > £ + 1,

E|'DZZXW|%2Q < CEWA%ZQ?

and

43— _1 4
E|Yl120 = Elll_1:0412]720 < Ctm,(f,lm) (—A)"zt"z| ..
L

For m ={+ 1, we use E|Y{,,[72 = [2[]24-

Thus
« 1 0 4 \3 (14 3
CAt > (1+ %+l+ﬁ)(E\DS‘*Xm|L2q)2(]E|Ym|L2q)2
m=_0+1 t

1 1
S CAt(]. + W) (E|9@‘i2q) 2 |Z|%2q

tn—l—l
i, 1 1 1 L2
+OALyserz ) (14 ) o (Blfel2a) 2 [(=4) 2772,
m=~¢+2 t;—;;b tm—é—l

1 1
< CAt(1+ —) (Eloelz HES
2'4q

1 1
+ Cllusra (1 ) (BlOel ) * (= 4) 272,
q

tn—€—2

using a straightforward comparison between the series and an integral. Applying Lemma 5.12 concludes the
proof. O
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6. Proof of Theorem 4.6
Recall the definition of the scheme, see (31): for n € {0,..., N — 1},

Xn+1 - SAtXn + AtSAtG(Xn) + SAtU(Xn)AW'ru (68)

with the initial condition Xy = z, the condition NAt = T, and the Wiener increments AW,, = W((n +
1)At) — W (nAt). Recall the notation Sa; = (I — AtA)~L.

Let ¢ be a function satisfying Assumption 3.4, and u(t,z) = E[¢(X;(x))] be defined by (27).

In order to justify all computations below, it is convenient to replace G and o in (68) with the regularized
coefficients G5 and o5 introduced in Section 4, and to consider us defined by (26) instead of w. Since all
upper bounds hold true uniformly with respect to J, passing to the limit 6 — 0 allows us to remove this
regularization parameter. To simplify the notation, we do not mention § in the computations.

Associated with the scheme (68), we introduce an auxiliary, continuous-time, process (f( (t)) tefo.T]’ de-
fined on each interval [t,, t,41] by
X(t) = X + (t — t2)SatAXn + (t — t0)SarG(Xn) + Saro(Xn) (W(t) — W(tn)). (69)
Equivalently, X (t,,) = X,,, and for t € [t,, tni1],
dX(t) = SarAXpdt + Sa;G(X,)dt 4+ Savo(X,)dW (t). (70)

Note that Lemma 5.1 is still true for § = 7 = 0 so that we have bounds on the moments of X, in
D((—A)*), o < ;. Moreover

(A X (t)|zr < cl(=A)* Xn|Lr, t € [tn, tns1). (71)

Using the notation {5 = £ if s € [ty, te41), for s € [0,T], we have the formulation

k—1 tx
Xy = 8K,z + At Y S G(X)) + / Sh (X, )dW (s). (72)
£=0 0

Following the standard approach, introduced first in the SDE setting, see [46] and the monographs [31]
and [36], the weak error (33) is decomposed as follows:

Ep(X(T)) — Ep(Xy) =E[u(T,z) — u(0, Xn)]

= Z E[u(T — t, X)) — (T — tiy1, Xp1)]
k=0

=

—1
=E[u(T — At, X1) —u(T, z)] + (ak + bk + i),
1

~
Il

with
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ay = / E(AX (t) — ASa¢ Xy, Du(T —t, X (t)))dt,
b = / E(G(X (1)) — SaiG(Xy), Du(T — t, X (£)))dt,
or = % / ETr([0(X (1) ~ Saw0(Xe)Sa] D?u(T — 1, X (1) ).

where in ¢ we have used the property o(-)* = o(-), see (19), Property 3.3.

In the following sections, we successively treat the terms ]E[u(T — At X;) — u(T,x)}, ay, by and cy.
A technical result is given in Section 6.6.

We will control the error terms, in terms of Atz~F with positive, arbitrarily small k. We do not try to
obtain optimal constants. The value of x may change from line to line. At the end of the proof, gathering
the estimates and choosing an appropriate k gives the result.

6.1. Control of E[u(T — At, X1) — u(T, x)]
We note that

|E[w(T — At, X1) — u(T, 2)]| < [E[u(T — At, X1) — u(T — At, X (At))]|
C

S (T — At—)17H (1 + ‘x|Lmax(P12q))K+1 (E|(_A)_1+H (X]_ — X(At)) ‘iq) 5,

using Theorem 4.2.
We then write X; — X (At) = (X1 — z) — (X(At) — z), and note that

E|(—A)"" (X0 = 2)|7a < O|(=A)" 1 (Sar — D7
+ At (—A) TS G () [0 + CAL(—A) T 12 1o Saco (2) |72
< CAt 2% |z|2, + CAt.

We have used the two following inequalities. First, for every 8 € [0,1) and ¢ € [2, 00), there exists C 4 such
that

[(—A) P (Sar — D)l gpay = At|(—A) TP Sarle(re) < Cp et (74)

using the identity Sas — I = AtASa: and Lemma 5.2 (with n = 1).
Second, adapting the proof of Lemma 5.3, for a > i,

|(*A)7Q|§{(L2,L(1) < 0.
Similarly,
E|(—A)"" (X (AL) — )2, < CAL 2% |z|2, + CAL.
We thus obtain

[E[u(T — At, X1) — u(T,2)]| < C(T)(1 + || pmaxtr2) ) KH AL, (75)
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6.2. Control of ay,

6.2.1. Decompositions
For each k € {1,..., N — 1}, aj, is decomposed into the following terms:

ar = ay + ai = (a’k +ay® +ay ) + (ap! +ap? +ai’3),
where

tht1

aj =E / (A(I — Sa¢) Xy, Du(T —t, X (t)))dt,
@ —E / (AX(8) — X3), Du(T — t, X (£)))dt,

and ai and aﬁ are further decomposed into

tr41
ay’ = —AtE / (A2S5H e, Du(T —t, X (t)))dt,
tr
[ |
al? = —AtE /<AtZAQSZ;”1G(Xg),Du(T—t,X(t))>dt7
& £=0
bett g g
al® = —AME ZAQS’“ o (Xe) AWy, Du(T —t, X (1)))dt,
ty
and, using (69),
trt1
' =E / (t — 1) (SarA> Xy, Du(T — t, X (t)))dt,
tg
tht1
a2? =E / (t — tr)(ASacG(Xk), Du(T — t, X (t)))dt,
tr
te41
a2? = / (ASavo (Xi)(W(t) = W (tx)), Du(T — t, X (t)))dt.
23

Indeed, I — Sa; = —AtASa;, and

k—1 k—1
X = SKiw+ AtYSEG(X) + > Sk o (X)) AW,
=0 =0

(76)
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6.2.2. Treatment of a},

We treat successively the terms ai 1, a,lC 2
and Theorem 4.2, with 8 € [0, 2). The second quantity requires the stronger version of Theorem 4.2, with
B € 10,1), contrary to [20], due to the Burgers type nonlinearity. The third quantity requires the use of the
Malliavin calculus duality formula, and of Theorem 4.3 with 3,~ € [0, %)

We also use repeatedly (71) combined with Cauchy—Schwarz inequality.

and a,1€’3. The first quantity only needs elementary arguments

1,1
Treatment of a,,

Using Theorem 4.2, with 8 = = — K, we get for k € {1,..., N — 1},
tht1
1 1
1,1 _1
lagt| < Cu(1+ 2| pmaxtr.20) ) THAE / m“-ﬁl) 2+"A252j1x|L2th
tr
tht1
1 1 _
S Cn(l + |.'L' LII)ax(p,Zq))K+1At / m“-z‘l)é-‘rQ}ﬂSAt(—A)l K'Sgtl"Lqut
t
< C.(1 K+l A ! dt
< n( + |.Z‘ Ln)ax(p,Zq)) |$|Lq t,lc = t 7 t)%_" ,
k

using Lemma 5.2.

Treatment of ai’z
Similarly, thanks to (15), the boundedness of the mappings F} and Fy from L? to L%, thanks to Prop-
erty 3.2, using Theorem 4.2 with 8 =1 — &,

thq1 k—1
1 1 K K
ja}7?| < Ol + |2] pmascrz ) K HLAL W“Z!(—A)Z” Sae(= AV T SKL | oyt
i £=0
th+1 1 k—1 1
K+1 -3k
< Cu(1 + [2] pmax 20 )" |2|La A2 / dez th
i =0 k-
[ ] 1
1 3k
< Cu(1 4 [2|pmax.20 ) K | La AL2 72 /mdt.
23

1,3
Treatment of a,’
1,3 1,3,1 1,3,2

Let k € {1,...,N — 1}. For technical reasons, we decompose a,” = a,”>"" + a,”>" where
Bl g o
a®t = ZAQS’“ o (X)) AWy, Du(T —t, X (t)))dt
k
thet1 th—1

= —AtE /</ A2 (X )dW (s), Du(T — t, X (t)))dt

ty 0
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trt1

ay®? = —AtE / (A282,0(Xp_1) AWy _1, Du(T —t, X (t)))dt,

ty

with the convention that al B .
We first treat ak’ 1 . Using the Malliavin calculus duality formula,

th+1 tk—1

a3 = _AME / ( / A28t (X, VAW (s), Du(T — t, X (t)))dt

tr 0
trg1 teo1

— _AIE / / Iy(a(ng)*Azsgg"s“D?u(T—t,X(t))DsX(t))dsdt
tr 0
trot1 b1

— _AIR / / Tr(a(XgS)*AQSZ;eS“Dzu(T—t,f((t))U(t,s)SAta(ng))dsdt
tr 0
o1 tho1

:7At]E/ /ZDzu(Tft,X’(t)).(AQS’EAHU(X@)Q@?;,U(t,s)SAtei>dsdt,

t

where we use that ¢(z)* = o(x), and we have introduced the linear operator U (t, s) such that D, X (t) =
U(t,s)Saro(Xe,). We then apply Theorem 4.3.
On the one hand, using Property 3.3,

(E|A*%+“+QSZ?ZS+IU(XZS)261|i4q)%

1
< |(=A4)'7"SA, SAt’L(L‘l‘I)(E‘U Xe,) el}L‘lq)Q
CAt—2—2%
= tliﬁki‘wq»

thanks to Lemma 5.2, under the condition that 5 < k — 1.
On the other hand, we use Lemma 6.1, see Section 6.6. Thanks to Theorem 4.3, we thus have

1 te—1

CAt"*Q’{ i 1
131| < CAY(L + || pmasxr.20) ) Kt / / - “tl ; Z(E‘(—A) 2 TR (t, S)SAt€i|%4q)4det
bt C k—2
< ANt o) [ G t(AU S ) S S
n £=0 k=L g
+0At%|SAt6i|L4q)dt
te41
<0At%75ﬁ(1+|$‘ max( 2))K+1 / Ldt
>~ Lmax(p,2q (T—t)l_ﬁ
123

Indeed, Zi(|(_A)_%+2HSAt€i‘L4q + CAt%|SAt€i|L4q) < CAt—3",
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It remains to treat a, 132 This is done with much simpler arguments: using Theorem 4.2,
tht1
1 1
la) 22 < CAH1 + |2] pmax(o 200 ) KT W(At]E|(—A)*%J”*AzSita(Xk,l)|§{(L2’L2q)) 2dt
—t)2
tr
tet1
1 1
< CAL(1 max(p2g) ) AT | ————dtAt2 TR,
> ( +‘-73|L (p2q)) t (T—t)%iﬁ
k

using [(—A) 23| gr2 12y < 00 and |(—A) WS a| porz) < CALTIHE

Conclusion
Gathering the estimates on a,lC 1, a,lC 2 and a1 3 , and summing for k € {1,..., N — 1}, we obtain
N A 1
Z ]1€ S 7_5’%(1 + |x‘Lmax(’)‘2‘” K+1/ _ t 11—k L+ tlfn)dt' (78)
k=1 0
6.2.3. Treatment of a}
Treatment of ai’l
Since ASa; = —ﬁ([ — Sat), we rewrite
tht1
o2 (t—tr) o
ay =-E [ —=— (A = Sae) Xk, Du(T —t, X(1)))dt
tr

and observe that the right-hand side has the same structure as a}c. Using the straightforward inequality
t —tr < At when tp <t < 511, we thus directly obtain that Z,I;:ll |in’1
right-hand side of (78).

Treatment of ai’Q
We again use Theorem 4.2 (with § =1 — ), inequality (15) with Proposition 3.2, and obtain

th+1
2 = |E / (t — t){ASa G(X0), Du(T — t, X (1)) dt|
tk
tet1 1
< CAt(]. + |x Lrnax(p,2q))K+1 / WK—A)%—i_zKSAt( ) 2 G Xk ‘L2q
tr
tht+1 1
< CAL2725(1 + |2 pmaxcpr2) ) K1 T dt,
123

thanks to Lemma 5.2.

2,3
Treatment of a;,

To treat this term, we again use the Malliavin calculus duality formula. Writing the Wiener increment
as a stochastic integral, we obtain
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a® =E 7([ ASao (X )dW (s), Du(T —t, X (t)))dt
—E tk/HE /t Tr(a(Xk)*SAtADQu(T 4, X(t))DSX(t))dsdt
—E t/+]E /t Tr (a(Xk)*SAtADQu(T 4, f((t))SAta(Xk))dsdt
=E 71@ —tr) Z D*u(T —t, X (1)).(Sares, ASaro(Xy)?e;)dt,

tr

where we have used o(z)* = o(x), and the equality D, X (t) = Saro(X},) for tg < s < t < tj41, obtained
from (69). We then use Theorem 4.3 and obtain

tet1
1 il
a3 < CAHL + [@] pmaxtrz )< / T t)HdtZ (= A)" 55 S psei] o | (— AV 2T S nso(Xk)2es]
tr i
tht1
1 1 1
K+1 —2K —>—K
< OAL(L + |2 pmaso2a)) / TR t)l_ﬁdt(At Z A%+H)At 2,
tr 1
Conclusion
Gathering the estimates on ai’l, ai’Z and ai’?’, and summing for k € {1,..., N — 1}, we obtain
N A 1
1 9k
Z % S AE 2 (]‘+ |'T|Lm"‘x(P’QQ) K+1/ _t 1— ;-g + tl—n)dt' (79)
k=1 0

6.3. Control of by,

6.3.1. Decompositions
For each k € {1,...,N — 1}, by, is decomposed into the following terms:

b = bh + by = by + (b + 002 + 7% + b ), (80)

where

tht1

b= [ B - Sa0GOG). Du(T - 1. X (1))t

tr41

= [ B (6:(x0) - ix]o(T - 1, K 0)ar

tr

where G;(-) = (G(-),e;) and d;u(-, ) = (Du(:,-), e;).
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In addition, b? is further decomposed with

= / /Zau X ))Tr(SAtU(Xk)QSAtDQGi(X(S)))dsdt
b2 //Zau 1 X (8)(SarAXr, DGy(X (s)))dsdt
B4 //Zau — 1, X (1)) (SacF(Xy), DGi(X (s)))dsdt

tht1

¢
byt = / Za u(T —t, X (t / (DG(X(5)), Saro (X1 )dW (s))dt
t
thanks to It6 formula, and using o(-)* = o ().
6.3.2. Treatment of by,

We directly apply Theorem 4.2, with § = 1 — &, and thanks to (74), Property 3.2, and inequality (15),
we get

tht1

1 1 K [
D] < O+ [l gtz )< / T A SA ) GO

123

trt1 1
,,Qﬁ K+1
< CAt272(1 + |2 pmaxtr2a) ) / mdﬁ
tg
As a consequence,
Z |bk:| < OAt772’€(1 + |x‘LmaX(p‘2(l))K+1' (81)

6.3.5. Treatment of b?
Control of bi’l

To treat the term bi’l, we expand the trace, using the orthonormal system (ei)i and with straight-

EN®)
forward calculations we write
te+1 t
B =E / / 3 du(T - t,f((t))Tr(SAta(Xk)QSAtDQGi(X(s)Ddsdt
tr trk @
tky1 t

Zau —t, X (1)) D*G(X(5))-(Saten, Saco(Xy)?en ) dsdt
=E / /Z (Du(T —t,X(t)), D*’G(X(5)).(Saten, Saro(Xy)?en))dsdt

tr Tk
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Using Theorem 4.2, with § = % + Kk, combined with inequality (15), and Properties 3.1 and 3.2, we get

th+1
K+1
Llnax(p,2q)) + ]E

tr

b2 < C(+ |z

(T —t)ztn

t

/ Y. (BID*F(X(s )-(Saten: Sao(Xi)?en) 30) * " dsdt

i J€{1,2},neN*

tht1
1
< CALL + || pmax(pza) ) EH Zn: |Saten|L2a / mdt
123
1 [PEN] 1
< CAtz~"(1 max(p2q) ) S T / dt.
(1 + || pmax(p.2)) Xn:/\ﬁ,{ t (T—t)%“
k
Control of bi’Q
As for the term a,i’S, we need to further decompose
th41 t
22 g / /<Du(T_t,X(t)),DG(X(S)).(SAtAXk)>dsdt
tr tg
221 | 12,22 , 12,23
where, using (77),
trt1
e - / (Du(T — 1, X (1)), DG(X (s). (SKI Ax) ) dsdt
te ti
tht1
b = / / (Du(T - t, X (1)), DG(X AtZAS’“ G(X)) ) dsdt
tr tr
tht1
b22S — / / (Du(T —t,X(t)), DG(X ZASk o (X0)AWy))dsd.
tr tr

The terms bi’Q’l and bi’m are estimated using Theorem 4.2 in a straightforward way.
On the one hand, thanks to (15),

trt1
1
23! < CAt / Wdt(l+|x|Lmax<p,2q> K| Sh Y A| padt
—t)2
ty
At oy
t —K

< C——(1 4+ |z| pmaxcp.2) ) KT / ————dt.
= t]lvfn ( | |L ( 2)) (Tft)f_‘_m

tr
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On the other hand,

bt k—1
2 ,2,2
| | < CAt / W (1 + |$|Lmax(p 2q) K-‘rlAtz ‘Ask €+1|£(Lq + ‘Ask €+lB’£(Lq))
tr ( N ) =0
th+1 1 E—1
S CAtQiQH mdt(l + |$|Lmax(p,2<1))K+1 (At Z tl—_”)
£ =0 "k—t

It remains to treat bi’z’g. Writing
tr
Z ASK o (X)) AW, = / ASE T (X, )dW (r)
0

as a stochastic integral, and subdividing the interval [0, tx] = [0, tx—1]U[tk—1, tx], we have the decomposition

bp*? = //Du —t,X(t)), DG(X(s)). (/ ASN T o (X, )dW (r)) )dsdt
—E//Du —t,X(t)), DG(X /AS’c EHlo(Xy, )dW (r)))dsdt
+E / /(Du(T—t,X(t)),DG(X(s)).(/ ASR 5 a( Xy, )dW (1)) )dsdt

_12,23,1 2,2,3,2
e N

Using the Malliavin calculus duality formula,

22

=K 7/ Du(T —t,X(t)), DG(X(s)). (71 ASN T o (X, )dW (r)) )dsdt

=F t/ /t Zn:(Du(T —t,X(t),D / ASK 5 (X, YendBn(r)) )dsdt

=E 7 j > (Du(T —t,X(t)), DG(X(s)).€m) k/l(ASZtZ"HU(XgT)en,em>dﬁn(r)dsdt
te i M 0

=E / / D (ASK o (Xe, Jen, em) D?u(T — t, X (t)). (D X (t)en, DG(X (s)). ) drdsdt

ty tp 0 ™M

k—brtly €n, € w(T —t, X 2 X (s)).(e X (s)e rds
+E / / / ASAt (X0,)en, em)(Du(T — t, X (), D2G(X (s)). (em, Dy X ()€, ) )drdsdt

tr tk
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th41 t th—1

=E / / / ZD2U(T_t’X(t))'(U(tvr)SAtenaDG(X(S))ASZ;£T+IU(X4T)2en)drdtd3
te tx O n

thr1 t th—1

+E / / / ZDu —t, X (1), DQG( (9)). (ASk bt (Xg,r,)Qen,U(s,T)Smen»drdet,

tr tr

where we have used the identities D, X (t) = U(t,r)Sa0(Xy,) and D, X(s) = U(s,r)Saro(Xy,) for r <
th—1 <8 <<ty
To estimate bi’z’?”l we first write

E|(—A)" 2+t DG(X (s) ASK " a(Xe, ) 2en|as < cBIF] (X (5))ASK 1o (Xe, ) 2en|2a0
+ cB|(—A)* Fy(X (5))AS, "o (Xy, ) 2enlF .

The treatment of the first term is straightforward, with upper bound given by c|ASk &+l |£(L4q). For the
second term, we use (10) and (12):

~ ~ 2
E|(—A)* F3(X () ASK, " 0 (Xe, ) 2enlian < cB (14 (=A™ X (5)] 1) | (—A) K, o (X, 2enl i )
~ 2
< B (14 [(=A)™ K (s)|poa) (= A) 2857 pom )

Therefore, using (71), we obtain:

Moreover by Lemma 6.1:
1
(E[(—A) 25U (t, ) Saren|210) ?* < c(|(—A) 2 Saren|paa + A2 ~7|Sasen| 1),
and using Theorem 4.3 we get

[ED2u(T ~ , X(1)).(U(t,7)Saren, DG(X () ASK 1 o(Xe, ) 2en)

1 1
K+1 —3K —4K
(1 + || pmaxp.20) ) —(T — t)1—2rc (1+ ty, || Lsa ) AL ti:z
Clag. 1,
X (|(7A) 2t SAt6n|L4‘1 +At2 ‘SAt6n|L4q)
1 Can e 11
< C(l + |z|Ln1ax(p,2q))K+lm(l -+ tkg |I’|L8q)At 6 ti:’; F

The second term of bi’2’3’1 is treated similarly thanks to Theorem 4.2 (with 8 = % +K):

E(Du(T —t, X (t)), D*G(X(s)).(ASK, "o (X,,) en,U(s,r)sAten»‘

1
K+1 k£, 2
C(l + |$ Llnax(p,?q)) WEKASAIS O'(Xgr) en)(U<S,T)SAt€n)|Lq
1
K+1
C(l + |m|Lmax(p,2q)) (T _ t) %_—‘r.‘i | At qu)E|U S T SAten|L2q
K+1 1 —K 1
C(l + |$ Lmax(p,?q)) T t — ’SAteﬂ‘qu

(T =)=+ b5,
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1 1 1 1
< (1 + 2] pmaxv2a)) i 1 Te I-r L4gk”
(T —t)3+* o, A2 "
We deduce
th41 t th—1
1 1 1
2,2,3,1 S Lo B e
tr tr O n el )\n
tri1 k—1
1Ak K+3 1 1 1 1
S CAtz (1 + |$|Lmax(p,8q)) t?’_ﬁ T 1—k (At Z 1—k )( l+,{ )dt
( £=0 tkfé A2
i = n n
tht1
1_4k K+3 1 1
< CAt2 (1 + |:17 me(p,sq)) / ﬁmdtv
23

using similar arguments to the control of a,lc’g.
To treat the remaining term b2’2’3’2, we again use the Malliavin calculus duality formula. With the same

we get the identity

arguments as for bi’2’3’1,
tht1 t ty
b*?? = (Du(T —t, X (t), DG(X (s)).( / AS3,0(Xp—1)dW (r)))dsdt

tr tg te—1

oyt ty
_ / ZD2 T — 1, X(8))-(U(t,1)Saren, DG(X () AS3,0(Xy_1)2e, ) drdtds
tr tr tk—1
tk+1 t 1
+E / / / ZDu 4 X(8)), D*G(X (). (AS30(Xi1)2en, Uls, r)Saven) ) drdsdt

tp Tk th—1

and we get, using Theorems 4.2 and 4.3, and Lemma 6.1
tht1
1

K+1 dt
(T—t)—*
tr
+ 1k 1+
S S arenl i+ AT |Savenl ) |(=A)F SRyl equin

> (-

[ max(p,2q) )

(1+ |z

2,232
b <

1

tr+1 1
/ dtzn: A

(T —t)i =

tr

< CALE 73 (1 4 |2 paxpza ) K11
1 + K, and Property 3.2.

Control of bi’?’
The treatment of this term is straightforward, using Theorem 4.2, with g

Indeed,

tht1 t

= [ [ S o (r 1 KOS CK0). DEK )i

tr Tk
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= |e j/ (Du(T — 1, X(1)), DG(X (5)). (SaiG(Xx)) ]|

tht1 t

1 1
e [ e IS =) 3G, ) e
tr tk

<C(1+ |z

tet1 1
< CALE (1 + [2] otz ) < / GEDE
— 2

ty

using [SaiB] ;1) < CAt~27* thanks to (15) and Lemma 5.2.
2.4
Control of by,

The term bi’4 involves a stochastic integral. Similarly to the treatment of the term az’z, we use the
Malliavin calculus duality formula, and the identity Dy X (t) = Sao(Xy) for t < s <t <tpi1. We obtain

03] = [ /Z Ouu(T — 1, X (1) / (DGL(X(5)), Sneo (X)W (s)) e
= |E 7 /t Tr((DSX(t))*DQu(T - t,X(t))DG(X(s))SAtU(Xk)>dsdt‘
= tk/l/tZD? - t,X(t)).(SAten,DG(X(S))SAta(Xk)zen)dsdt’
< O(1 + || pmaxipz ) ST :f j ; muﬂ)*%*”menm

(E|(—A) 2+ DG(X (5)) Saro (Xx)2en|20,) ? dsdt

trt1
1_ 1 1 1
S CAtz ar Z %+K (1 + |ZL’ Llnax(p,2q)) +1(1 + t:,)—ﬁ"I|L8q) / mdt
n A’I'L tk
tht1
1 1
,,4 K42
< CAtz—=F Z o (1 -+ |£L’|Lmax(p,8q)) (]. —+ t?’_ﬁ)mdt,
thanks to similar arguments as for the treatment of bi’z"g.
Conclusion
Gathering the estimates on bi’l, bi’Q, bi’?’ and bi’4, and summing for k € {1,..., N — 1}, we obtain

N

T
1
Z ‘bi’ S CA%_H(l + |x‘Lmax(P,SlZ) K+2/ 311 ﬁ)dt (82)
2 ¢ (T —1)

- 0
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6.4. Control of ci

6.4.1. Decompositions
For each k € {1,..., N — 1}, ¢ is decomposed into the following terms:

ck=cL+citc=ch+c+ (ci’A + 02’8 + Cz,c + CZ’D), (83)
where (using the symmetry of D?u)

cl = %]E / Tr((I — Sad)o(X(8)*(I — Sar) D*u(T — tyX(t)))dt,
2 =E / T (S (X (1) *(1 = Sa) D?u(T — 1, X(1)) ) dt,
¢ = %]E / Tr(SAt[U(X'(t))

tr

? — o(X0)2] SaeD?u(T — t, X(t)))dt.

In addition, c; is further decomposed as follows: for A € {A, B,C, D},

tht1
1 ~
o= 1e [ n{sassanir s
lkt1

1 _
= SE / ZD%(T—t,X(t)).(SAtAen,SAten)dt,
tk n

with the linear operators A, B,C, D obtained by applying Itd formula:

([o(X(0)° —o(X0) hihe) = S (Ahyyho),
Ae{A,B,C,D}
with

tr

1

<Ah1, h2> == 5

t

(Bhy, ha) = / (SarAXy, Do?. (X (s)))ds
23
t

(Chy, o) = / (SaG(Xp), Do?, . (X (s))ds

ty

(Dhy, hy) = / (Do?, . (X(5)). Saro(Xi)dW (s))ds,

23

using the notation o = (o(-)*h1, ha).
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For future reference, note the following identity:

(Do? . (x),h) = / (02) (2(6)) en(€)em (E)R(E)dE = (D02 y(x), em). (85)

(0,1)

6.4.2. Treatment of c}.
Since Theorem 4.3 is restricted to 8,7 < %, this term needs some work:

B [ 1(( - Sa)DPu(T - L XO) - Sano(X(0)")a

ty

1
L
|ck}| - 9

tht1

%]E / S ID2(T — £, X (). (I = Sar)en, (I — San)o (X (1) 2en) | dt

IN

tht1

1 1
S O(l + |Z' Llnax(p,2q))K+1 Z / m“*fl)iiﬁ(j — SAt)en|L4q
n iy

(B|(—A)3+%(I = San)o (X (1) en|2,) 2dt

th41
1, 1 B - 1
< O(1+ Jo] ez )AL ST A / e Bl Ao (K@) enl},) .
n te

Using (10), (13), we get

2

—2K v 2 —2K K v —2K K
[(=A)70 (X (#)) en] puy < Cl(=A) > en|rsa|(=A) " (X (1)) 7| oy < ONF*(1+ |(=A4)°"X (1) 1,)
As a consequence, using (71),
P 1
1 K+2 1_ 5.
e < C(1+ 2] pmestrsn) < T2 AL / (1+ ) gt (86)
123
6.4.5. Treatment of c3
The treatment of cﬁ is straightforward, using Theorem 4.3:
th+1
7] < [E / > D2u(T — £, X (1) (Saren, (I = Sa)o(X(6))dt|
tk n
tet1 1
Clig. Clig.
< C(l + |Jf Lmax(p,Zq))K+1 / mz I(—A) B SAten|L4q’(_A) 2+ (I— SAt)}E(L‘lq)dt
tr n
s 1 1
K+1p,1-3k
S O+ [z]pmax20) " T AL2 / mdtz N
i n n
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6.4.4. Treatment of ¢}
Control of ci’A
We proceed similarly, and applying Theorem 4.3 we obtain:

tht1
1 — 14k —i4kK 3
|ci~4| < O+ |2| prmaxp.2a) ) T / T Z |(—A)" 25 S p e g (E|(—A) 3+ SarAen|2a,) 2 dt
tr n
tht1
1 1 1
—2K K+1 2
S CAt C(]. + |$ LInax(p,Zq)) + / mdtz F(E|A€n|[l4q) 2,
i n n

1
To have a control on (E|Aey|3.,)?, let any hy € L* and hy € L, with ;- + L —1: then

t
1 ~
(Ahi,ha) = / (S0 (Xe)* S D?03, 1, (X(5)) ) ds
tr

ti41

/ ZDQJhl h2 )) (SAtU(Xk) en,SAth)ds

< CAt|hy|paalhe|Lr Z 1Sat0(Xk) en|Loe|Saten| L=

. 1
< CAt27"|hy|paalha|Lr Tie
> T

n n
1
Thus (E|Ae,|24,)? < CAtz=", and we obtain

tr41

3,A 1_3k
041 < CAEC t elgmcoa) ™ [ et S

tr

>\2+“

Control of czB
Like ai 3 and b2 2 , the term ci B contains a bad term and require a careful analysis. We introduce the
3,B1 3,82 3,83 With

decomposition B = Bl + By + Bz, and the associated terms ¢;"*, ¢,’”* and ¢,

t

(Bihy, ha) = / (SKH1 Az, Do?, . (X(s)))ds

ti

(Bzhy, ha) / / Sk T AG(Xy, )dr, Doy, (X (s)))ds

tr O
t
(Byhi, ho) / / ASE 4+ (X, VAW (r), Do?, . (X(s)))ds.

The terms ci’Bl and ci’BQ do not present difficulties, using (85) and standard arguments. Indeed, for any

hi € L* and hy € L™, with 4—1(1-}-%:1,
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Atf—?)li
<Blh1,h2> < CAt|h1|L4q‘h2 Lr Asgtll’h,oo < C|£L'|Lpt7|hl|L4‘1‘h2 )
k
using [(—A)*Sasz|re < [(—A)*Sarzl, 15 < Cl(—A)TT2Sx]12 < ﬂMLP
Similarly, we have for Ba
ty
(Bahi,ha) < A pelialur [ (S5 AG(X, )t

0

Moreover, using Property 3.2 and G = F; + BF3,

k—0,+1 149 - ———n
|SE T AG(X ) e < (A Sil 1 [(-A) ety (14 Bl )
_ 1iak
< C|(-4)> Satly b

-1 4k,-1
< AtTR g

using (15), as well as the following inequalities, which are consequences of Sobolev inequalities and of (9):
for any = € L%,

(=A)2 45 Sz, < Cl(=A)2 T Sagm] ann < C|(—A) Sz o

We thus obtain

tht1
K+1 L bk 1 1 L
Lmax(p.20) ) At> / (1 + tl—n) (T —t)1-2+ dtz )\é—m.

tr n

%+ 1™ < O+ |

3

Finally, cf requires a Malliavin integration. First, we write

tht1

02’33 = %E / ZDQU(Tf t,X(t)).(SAthen,SAten)dt

th41
1

= §IE / Z(Bgemem}DQu(T - t,X(t)).(SAtem,SAten)dt

= —]E/// > (ASK o (Xy, e Dot (X () D*u(T — t, X (t)).(Satem, Saren)dB;(r)dsdt,

n m,]

where for simplicity we use the notation [[[(...)dB, (r)dsdt = t"“ ftk *(...)dBy(r)dsdt.
Using the Malliavin calculus duality formula, for ¢ € [ty, tx+1] and s € [tk, t], then

ty

E[> / (ASK0(Xe,)eg Do? . (X(s))D*u(T =, X (1)) (Savem: Saren)dB;(r)]

m,j 0

:E{Z/Dzoemem (f((s)).(ASg;ZTHU(XgT,)ej,Drf((s)ej)DQu(T—t,f((t)).(SAtem,Smen)dr}
m,] 0
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tr

+]E{Z <ASZ¥Z7'+1U(X5T)€]‘,DO'2 (X(s)))Ddu(T - t,f((t)).(SAtem,SAten,Drf((t)ej)dr]

€n,Em

m,j

=E [Z D?e, o (X(5)).(ASK, " Tle;, D X (s)o(Xe, )e;) D*u(T — t, X (t)).(Satem, SAten)dr}

m,j

tr
—HE{Z/D?W(T—t,X(t)).(SAten,SAtDazmASZZerHej(X(s)),DTX(t)U(Xgr)ej)dr},
J 0

using the identity o(-)* = o(-) for both lines, and (85) for the second line. Moreover,

| D200, (X () (ASET e, DX ()7 (X0, )es) | < Clenlilem| e |ASKT e 112Dy X (5)0(Xe, e 2

k—0,.+1
< Clelum|ASE e o

D0 st (X))
and using Lemma 6.1 we get
E|D, X (s)o(Xy,)ej|22 < CElo(Xy,)ej|r2 < C.

Then, using Theorem 4.3 and Proposition 4.5, we obtain

tht1 t tg At—l—GK )
2
|Ci,83| < C(1 + || pmaxtezn ) / // P T drdsdt
ty te O k=t
tey1 t tg 1
At 1
O+ |2] pmanoz ) KT ’ —drdsdt
! g (T—1)i"
tr tr O r
trt1 1
S CAt%_6K<1 + |x|Lmax(p,2q))K+1 / mdt
tk
tht1
1
+ CALT (1 + [2] praaxpza ) K1 ——dt.
T — )z~
)@=
Control of ci’c
Using (84), similarly to Cz’A, we get
o 1
3,C —2kK 2 3
|ck | < CAt / (Tit)172ndtz >\%+n (E|Cen|L4q)2'
tk n n

For any h; € L*? and hy € L", with 4—1q +1 =1, we get

[(Chy, he)| < CAt Ry | paalho|pr |SaiG(Xk) | ne < CAEY27% 0y | paa|ho| e
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We thus obtain

trt1

1
——2&
3¢ < cats /(T = %thj W

tr

Control of Cz’D
Using (84), the definition of D, and the Malliavin calculus duality formula,

trht1

1 -~
ci’D S ) / Z(’Den, em)D*u(T — t,X(t)).(SAt€m7 S’Aten)dt
P

th41 t

! / Z (Do? . (X(s)),Saro(Xi)e;)dB;(s)D*u(T —t, X (t)).(Satem, Sacen )dt

|
|
=

enaem

tr tr j;n,m

th41 t

/ / Z DPu( X(1)).(DsX (t)ej, Satem, Saren)(Do? . (X(s)), Saro(Xi)e;)dsdt

J,n,m

tr tk

th41 t

= —IE / Z D3u(T —t, X (t )).(SAto(Xk)ej,Smem,Smen)<Dogmem(X(s)),SAtU(Xk)ej>dsdt
i tn j,n,m

th41 t

Z D*u(T —t, X (1)).(Sato(Xr)ej, SAtDUgn,Sma(Xk)ej (X (s)), Saten)dsdt

tr Tk

tr41

—E / / S DT — t, K (). (Saress SatDo2, s, oixyze, (X(5)), Sacen) dsdt,

tr tk J.m

where we have used (85), and then (19).
We now use Proposition 4.5. Note that

(D0?, Saro(xir2e, (X(5)), M) < Clh|rrlen|paalej|ro < Clhlrr,

N

for any h € L", with ﬁ + % = 1; thus (E‘Dgen,smo(xk)%J (X'(s))|%4q) <C.

We obtain

thet1 t
1 i
|027D| S O(l + |1’|LP)K P Z | - A) 3t SAtej‘L4‘1|SAten|L4Qd$dt
ty t (T_t)2 " Jmn
ko lk ’

41

- 1 1 1
gOAtE*3ﬁ(1+|:c|Lp)K/ —dty >
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Conclusion

3,A SB 3C

Gathering the estimates on ¢;™*, ¢2'%, ¢’ and ¢ P

, and summing for k € {1,..., N — 1}, we obtain

N T
Z |ci] < CALE ™" (1 + || pmaxcp20 K+1/ —= ) dt. (88)
- 0

6.5. Conclusion of the proof of Theorem /.6

Gathering (76), (78) and (79) allows to control the sum of ay. Similarly, by is estimated thanks to (80),
(81) and (82) whereas ¢y, is estimated by (83), (86), (87) and (88).
Then, (33) follows from (75) and (73).

6.6. An auziliary result

We used the estimate below for the treatment of several terms, for instance ai’3 and bi’Q’?”l. Recall that
DSX(t) = U(t,S)SAtO'(Xg) for t € [tk,tk+1), s € [tg,tg+1), and / < k — 1.

Lemma 6.1. For every g € [2,00), T € (0,00) and k > 0 sufficiently small, there exists Cq (T) such that
for every h € LY, t € [tg, tky1), S € [te,ter1), with1 <k < N,

(E|(—A) "5 (¢, 8)h[35) 2% < Cy (D) (|(—A)‘%+“'h|,;q + At%—ﬂh\m) ifk>0+1.  (89)

Proof of Lemma 6.1. Let s be fixed. It can be seen that U, = U(t, s)h satisfies:

¢
U =U, + /(ASAtUtk + SaG (Xk).Uy, ) dr +/5At (o' (Xk).Uy, )dW (r),
tr

Utk+1 = SAtUtk + AtSAtG/(Xk).Utk + SAt (UI(Xk).Utk)AWk,
Us,,, = h.

First, for every t € [tg, tkt1),
E|(—A)"3*Ui[7, < CEI(—A)" 54U, 70 + CALR|ASadl 1 E(-A) 57Uy, 3
+ CAE2E|U,, 3, + CAE|(—A) ™5 S0 (0”(X).Us,) 3y 2. 10y
< CB|(=A) U [f0 + OB, 1, + CAU(= A5 2 1 BT |2
Note that \(—A)ﬁ_%+ﬁ|§?(L2’Lq) < oo when 5 — 5 —|— k < —7; this condition is satisfied when ¢ > 2 and

k > 0 is chosen sufficiently small.
The result is clear for k = ¢+ 1. For k > ¢ + 1, since Uz, = IIy_1.041h, we get, by Lemma 5.7,

12 2 CAt 2~ Clikg2 Clikg2
At E|Utk‘L‘1 < (k‘—f— 1)1_2'€At1_25|(7A) 2 h|L‘1 < C‘(iA) 2 h‘L‘?‘
Now,
k—1
Uy, =Sk th+ At Y SKMBF/(X,,).0,, + Z sk Xn) U, ) AW,

m=~+1 m=~+1
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and thus, with the condition -+ — % + k< —% fulfilled for £ > 0 sufficiently small,

2q
L 2 k—1
1 1
E|(—A) "2 Uy, 720 < [(~A) "2V h[7, + C [ At Y rElUs, |oo | +CAt > ElU |7
m=t+1 k—m m=¢+1
ik 1
< (= A)F R, + OAP———[hf3, + CAtAE,
k—t—1
-l ) 2 R
—142k712
+C At Z tQT%T + At Z Ton |(—A) 2t h|Lq
m=4~£+2 k—m tm—é—l m=0+2 m—{—1

< C|(=A) 2 2h[7, + CAHA[,.
This concludes the proof of Lemma 6.1. 0O
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