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ABSTRACT. We introduce and analyze an explicit time discretization scheme
for the one-dimensional stochastic Allen-Cahn, driven by space-time white
noise. The scheme is based on a splitting strategy, and uses the exact solution
for the nonlinear term contribution.

We first prove boundedness of moments of the numerical solution. We
then prove strong convergence results: first, L2(Q)-convergence of order almost
1/4, localized on an event of arbitrarily large probability, then convergence in
probability of order almost 1/4.

The theoretical analysis is supported by numerical experiments, concerning
strong and weak orders of convergence.

1. Introduction. In this article, we define and study new numerical schemes for
the time discretization of the following Stochastic Partial Differential Equation
(SPDE),
du(t,e)  Fult,€)
ot €2

driven by Gaussian space-time white noise, with £ € (0, 1) a one-dimensional space
variable — and homogeneous Dirichlet boundary conditions.

The Allen-Cahn equation has been introduced [1] as a model for a two-phase
system driven by the Ginzburg-Landau energy

g = [ 1vu + SV(w)

where v is the ratio of the two species densities, and V = (u? — 1)? is a double
well potential. The first term in the energy models the diffusion of the interface
between the two pure phases, and the second one pushes the solution to two possible
stable states =1 (named the pure phases, i.e. minima of V). The behavior of the

+ U(t, 5) - U(t, 5)3 + W(t7 5)
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interface in the regime € — 0 is described in terms of mean curvature flow, see for
instance [10, 11, 16, 17, 18].

The stochastic version of the Allen-Cahn equation models the effect of thermal
perturbations by a additional noise term, see for instance [19, 20, 44]. The behavior
as € — 0 has been studied for instance in [20] in dimension 1 (with space-time white
noise), and [21, 62] in higher dimension (with more regular noise).

The stochastic Allen-Cahn equation is also a popular model for the study and sim-
ulation of rare events in infinite dimensional stochastic system, see for instance [8,
47, 58, 59].

In this work, our aim is to study numerical schemes for the stochastic Allen-Cahn
equation. In the theoretical analysis, we only focus on the temporal discretization.
To perform numerical simulations, a spatial discretization is required: we use a
standard finite difference method.

Numerical schemes for SPDEs have been extensively studied in the last two
decades, see for instance the monographs [38, 50, 53]. Compared with the numer-
ical discretization of Stochastic Differential Equations (SDEs), both temporal and
spatial discretization are required. In addition, the temporal regularity of the solu-
tions of SPDEs depends heavily on the spatial regularity of the noise perturbation,
and this affects orders of convergence. For instance, consider equations with glob-
ally Lipschitz continuous coefficients. For SDEs, the solutions are Holder continuous
with exponents a < 1/2, and the Euler-Maruyama scheme has in general a strong or-
der of convergence 1/2 and a weak order 1: see for instance the monographs [45, 55].
For semilinear parabolic SPDEs, driven by space-time white noise, in dimension 1,
the solutions are only Holder continuous with exponents o < 1/4, and (explicit or
implicit) Euler type schemes only have strong order 1/4 and weak order 1/2. We re-
call that strong convergence usually refers to convergence in mean-square sense: see
for instance [14, 22, 23, 26, 27, 28, 29, 35, 36, 37, 46, 54, 57, 60]. Weak convergence
refers to convergence in distribution: recent contributions are [7, 12, 15, 39].

For discretization of equations such as the stochastic Allen-Cahn equation, the
main difficulty is the polynomial coefficient, which is not globally Lipschitz contin-
uous. Standard schemes with explicit discretization of such coefficients cannot be
applied. Defining efficient numerical schemes for stochastic equations with non glob-
ally Lipschitz continuous coeflicients is delicate: see for instance the recent work [33],
and the monograph [32], and references therein. The general methodology has been
recently applied to various examples of SPDEs: see for instance [2, 4, 34, 40, 41, 42].
We also mention [30] for the analysis of a tamed Euler scheme for a class of SPDEs.

The case of the Allen-Cahn equation has been treated in the recent work [3],
with a scheme based on an exponential integrator and a tamed discretization of the
nonlinear coefficient, see also the recent preprint [61]. References [48, 49] present
analysis of implicit schemes. Finally, a Wong-Zakai approximation has been con-
sidered in [52].

In this work, we introduce new schemes, based on a splitting (also referred to as
splitting-up) strategy, see for instance [5, 6, 24, 25] in the SPDE case, and [43, 51]
for the deterministic Allen-Cahn equation. Indeed, the solution of the ordinary
differential equation # = z — 23 has a known explicit expression. The splitting
strategy then consists in solving separately the contributions of the linear coefficient
with the noise, and of the nonlinear coefficient. Several schemes may be chosen to
treat the first contribution: exponential and linear implicit Euler integrators may
be used.
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We mostly focus on the following scheme (other schemes will be defined when
performing numerical simulations). Let us write the stochastic Allen-Cahn equation
as an evolution equation in the sense of Da Prato-Zabczyk, [13]:

AX(t) = AX (t)dt + Wo(X (1))dt + dW (1),

with Wo(x) = 2 — 23, and where A is the Laplace operator, with Dirichlet boundary
conditions, on L?(0,1). Then the numerical scheme, with time-step size At > 0, is
defined by the recursion:

Y, = (I)At(Xn)7
Xn+1 = SAtYn -+ SAt (W((n -+ ].)At) — W(nAt)),

where Sa; = (I — AtA)~! corresponds to the choice of a linear implicit Euler

integrator, and
z

V22 (1= 22)e 28t
Observe that the discrete-time process (X")n oy may be interpreted as the solution
of a standard linear implicit Euler scheme for a modified SPDE, with nonlinear
coefficient Wa;(2) = At=1(®a¢(2) — 2), in the spirit of [31]. The coefficient Wa;
satisfies the same type of one-sided Lipschitz condition as ¥, uniformly with respect
to At.

Our first contribution is the analysis of the splitting scheme introduced above.
We first prove moment bounds, uniform with respect to At. Our main result,
Theorem 4.1, is a strong convergence result, with order of convergence almost 1/4,
localized on an event of arbitrarily large probability, in the spirit of [5]. We also
state and prove several straightforward consequences of Theorem 4.1, related with
other types of convergence:

(I)At(Z)

e convergence in mean-square sense, with no order of convergence,

e convergence in probability of order almost 1/4, in the spirit of [57],

e weak convergence, with order almost 1/4, rejecting exploding trajectories in

the spirit of [56].
We also provide numerical simulations to illustrate the rates of convergence of the
scheme introduced above, and compare with a few variants.

These numerical experiments lead us to conjecture that our results may be im-
proved as follows. First, we conjecture that the strong order is equal to 1/4, in the
standard sense, i.e. that it is possible to get rid of the localization in Theorem 4.1.
But we expect the analysis to be considerably more complex and similar to [3]. Sec-
ond, we conjecture that the weak order is equal to 1/2, when considering sufficiently
smooth test functions. Again the analysis requires more complex arguments. We
plan to investigate these questions in future works.

This article is organized as follows. The setting is introduced in Section 2. The
splitting schemes are introduced in section 3. Results concerning the auxiliary flow
map P, are given in Section 3.3. A priori bounds on the moments of the numerical
solutions are given in Section 3.4. Our main results are stated in Section 4.1, and
their proofs are given in Sections 4.2 and 4.3. Numerical experiments to investigate
strong and weak orders of convergence are reported in Section 5.

2. Setting. We work in the standard framework of stochastic evolution equations
with values in infinite dimensional separable Hilbert and Banach spaces. We refer
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for instance to [9, 13] for details. Let H = L?(0,1), and E = C([0,1]). We use the
following notation: for z1,20 € H, x € E,
1

= 13: T z1llg = x1(6)? z z|gp = max |z(€)].
<x1,x2>—/0 (©)e2(©)de . |a]lm (/0 (€72d)* , ole 1a(©)

£€l0,1

To simplify notation, we often write ||z|| = ||z||z and |z| = |z|g.
2.1. Assumptions.

2.1.1. Linear operator. Let A denote the unbounded linear operator on H, with
D(A) = H?(0,1) N Hg(0,1)
Ax = 8§2x, Vo € D(A).
It is well-known that A generates a strongly continuous semi-group, both on H and
on FE. We use the notation (etA) >0~ More precisely, it is an analytic semi-group.
Finally, let e,, = v/2sin(n-) and A, = n?n2, for n € N. Note that Ae, = —\,e,,
and that (en)n cn 1s a complete orthonormal system of H.

2.1.2. Wiener process. Let (€, F,P) denote a probability space, and consider a
family (8,) oy of independent standard real-valued Wiener processes. Then set

W(t)=>_ But)en.
neN

This series does not converge in H. However, if H is an Hilbert space, and L €
Lo(H, H) is a linear, Hilbert-Schmidt, operator, then LW (¢) is a Wiener process on
H, centered and with covariance operator LL*.

2.1.3. Stochastic convolution. The linear equation, with additive noise,
dX(t) = AX(t)dt + dW (t), X(0) =0,

admits a unique (global) mild solution in H
t
X(t) = / eTAqW (5) = WA(1),
0

called the stochastic convolution.
Moreover, this process is continuous with values in . Moment estimates are
satisfied: for all 7' € (0,00) and all p € N, there exists Cp,(T') € (0, 00) such that

E[ sup [[WA@) + sup [WAR)[F] < Cp(T). (1)
0<t<T 0<t<T

2.2. Allen-Cahn equation. The potential energy function V' : R — R is defined
by

24 22
V(iz) = — — —.
Then the function g = —V" satisfies a one-sided Lipschitz condition: for all z1, 2o €

R

(\110(22) — \I'o(zl)) (22 — 21) S |2’2 — 2’1|2.
However, ¥, is not globally Lipschitz continuous.
In this article, we consider the stochastic Allen-Cahn equation, with additive
space-time white noise, ¢.e. the Stochastic Partial Differential Equation

dX (t) = AX (£)dt + Uo(X (£))dt + dW (¢), X (0) = o, 2)
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with an initial condition z¢ € E.
We quote the following well-posedness result, see for instance [9, Chapter 6].

Proposition 1. For all T € (0,00), there exists a unique global mild solution
(X(t))0<t<T of (2), with values in E. Moreover, for every p € N, there exists
Cy(T) € (0,00) such that

E[OiltlngX() P] < Cp(T) (1 + |ol7).

3. Numerical schemes. Since the coefficient ¥y is not globally Lipschitz contin-
uous, it is well-known that explicit discretization schemes are not appropriate —
unless combined with a taming strategy, as in [3, 30] for instance. Fully implicit
schemes are expensive, and split-step schemes such as defined in [48, 49], with an
implicit discretization for the contributions depending on ¥, may be defined.

In the case of Allen-Cahn equations, our strategy, detailed below, consists in
replacing these implicit steps with the exact solution of the flow associated with
Uy, in the spirit of [43, 51].

3.1. Splitting schemes. Introduce the auxiliary ordinary differential equation
z= \I/(](Z), Z(O) =z €R.

The flow of this equation is known: the unique solution (z(t)) is given by

t>0

i >0 (3)

\/Zo (1—z3)e2t

The splitting schemes we consider may be written in the following abstract form:
let At > 0 denote the time-step size, then

Yn = (I)At(Xn)v
Xog1 =T (Yo, AL, (W (1)) nat<t<(nt1)at)-
To complete the definition of the numerical schemes, it remains to provide the

definition of the mapping I', corresponding to the approximation of the stochastic
convolution. In the analysis below, three examples are considered:

[exact (y,At, (W(t))nAt<t<(n+1)At) = eAtAy ¢ f(n+1)Ate((nJrl)Atft)Adw(t)’
[expe (y, At, (W(t))nAt<t<(n+1)At) Sne Yy + SAL AW,
rme (97 Ata (W t))nAt<t< n+1)At) - SAtpy + SEPAWTL

(
where AW,, = W( (n+1 At) W(nAt) are Wiener increments, and with linear
operators

2(t) = ®4(20) =

(4)

SEPe — A4 ghme (1 AtA) T

Numerical experiments, see Section 5; will also be performed for other schemes,
based on different splitting strategies.

When using the splitting scheme with I' = '3t hoth sub-steps are solved
exactly. On the contrary, when using the other examples, there is an error due to
the discretization of the stochastic convolution.

We use the notation X£xat X &P and XIMP when choosing I' = ['exact  [expo
and I' = I''™P respectively. To simplify, we do not mention the dependence with
respect to At.
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3.2. Auxiliary SPDE. Define auxiliary functions ¥, for ¢ > 0, as follows: for all
z € R,

Pi(z) — 2

RN ICEE

An important tool in the analysis is the auxiliary equation
dXAO(t) = AXBO(t)dt + Ua (XA (@) dt +dW(t), XAY(0) =29, (6)

with nonlinear coefficient ¥q in (2) replaced with Wa;.

Observe that the numerical schemes defined by (4), based on the splitting method,
can be interpreted as standard numerical schemes for the auxiliary equation (6):

Xf;flct _ eAtAszact + AteAtA\I/At(XZXB‘Ct) + fTSTALJtrl)At 6((n+1)At7t)Adw(t),

X7 = SRPOX PO+ AtSIPOWA(XPO) + Sy P AW,

XM = SIOP XM - ALSIWIPW A, (X[P) 4+ SWIPAW,.

(5)

The schemes X3t and X®P° correspond to versions of the exponential Euler
scheme, applied to the auxiliary equation (6). The scheme X'™P is the standard
linear implicit Euler scheme, applied to the auxiliary equation (6).

The auxiliary process solution of (6) and the three schemes are well-defined.
Indeed, it is straightforward to check that, for any positive At, the mapping Wa,
is globally Lipschitz continuous, see Lemma 3.1 below. This property allows us to
perform computations in a simple framework, for instance a standard fixed point
argument can be used to establish well-posedness of (6). However, the Lipschitz
constant of Wa; is not uniform for At € (0, Atp), for any Ay > 0, since ¥y is not
globally Lipschitz continuous.

Remark 1. One may also introduce the following scheme:

(n+1)At
ijfl _ eAtAXZCC + (—A)_l(l B eAtA)\IlAt(X»:CC) +/ e((n+1)At_t)AdW(t).
nAt

This scheme corresponds to the application of the accelerated exponential Euler
scheme to the auxiliary equation. However, this scheme is not based on a splitting
method.

3.3. Results concerning the auxiliary coefficients ®a; and Va;. In this sec-
tion, we state several results concerning the real valued mappings ®a: and Ua,
defined by (3) and (5), with ¢ = At. Proofs are postponed to the Appendix A.
Note that the estimates below are uniform for At € [0, Atg], for any arbitrary
Aty > 0 — and without loss of generality assume Atg < 1. Moreover, the estimates
are consistent when At = 0, with ®¢(2) = z and ¥y(z) = 2 — 2°.

The first result yields global Lipschitz continuity of ®a;.

Lemma 3.1. For every Aty € (0,1), for all At € [0,Aty], the mapping Pay is
globally Lipschitz continuous, and the Lipschitz constant is bounded from above uni-
formly for At € [0, Atg]. More precisely, for all z1,2z2 € R,

|@at(22) — Par(z1)] < ez — 2.
The second result yields a one-sided Lipschitz condition for Wa,.

Lemma 3.2. For every Aty € (0,1), for all At € [0, Aty], the mapping U a: satisfies
a one-sided Lipschitz condition, uniformly for At € [0, Atg]. More precisely, for all
21,22 € R,

(‘I’At(ZQ) - ‘I’At(zl)) (22 - 2’1) < ePl(zg —21)%
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In addition to the one-sided Lipschitz condition from Lemma 3.2 above, Wa; is
locally Lipschitz continuous.

Lemma 3.3. For every Aty € (0,1), there exists C(Atg) € (0,00), such that for
all At € [0, Atg] and all z1,22 € R,
[Wai(22) — Was(21)| < O(Ato)|22 — 21| (1 + |21 * + |22]?).
In addition, for all z € R,
[Wae(2)] < C(Ato)(1 + |2]*).

Finally, the following result makes precise the speed of convergence of Wa; to
Uy, when At — 0.

Lemma 3.4. For every Aty € (0,1), there exists C(Atg) € (0,00) such that, for
all At € [0, Atg] and z € R,

[Tac(z) — Tp(2)] < C(Atg)AL(1 + |z|5)
3.4. Moment bounds.

3.4.1. Moment bounds for solutions of the auziliary SPDE (6). Using the one-sided
Lipschitz condition for Was, from Lemma 3.2, the same arguments used to get
Proposition 1 yield the following moment bounds for the solution X (&%) of the
auxiliary equation, uniformly in At € (0, Atg], for arbitrary Aty € (0,1).

Proposition 2. For all T € (0,00), there exists a unique global mild solution
(X(At)(t))0<t<T of (6), with values in E. Moreover, for every p € N, and every
Aty € (0,1), there exists Cp(T, Atg) € (0,00) such that

sup B[ sup [XA0)(1)]%] < C,(T, Ato) (1 + |20[27).
AtE(0,Atg] O0Zt<T

Observe that, when At > 0, the mapping Wa; is globally Lipschitz continu-
ous, the existence of moments is thus a standard result. The one-sided Lipschitz
condition ensures that the estimate is uniform for At € (0, Atg].

3.4.2. Moment bounds for solutions of the numerical schemes (4). Let Aty € (0,1),
and At € (0, Aty] denote a time-step size. Let (X”)neNo be defined by the numer-
ical scheme (4), with the mapping I' € {T'®xact Texpe TimpY - For T € (0,00), let
Nrae=|2;]-

Proposition 3. Let T € (0,00) and Aty € (0,1). For any p € N, there exists
Cp(t, Aty) € (0,00) such that for all At € (0, Aty] and all zg € E,

E[ sup |Xn|2Ep] < Cy(T, Ato) (1 + |zo| ).
OS’I‘LSNT,At

The proof uses the following result, in the situation with ¥, replaced with 0
in (2).

Lemma 3.5. Let (wn)n . be defined by wg =0, and

=0,....Np.a
Wn+1 = F(wn7 At) (W(t))nAtStS(nJrl)At)-

Let T € (0,00) and Aty € (0,1). For any p € N, there exists Cp(T, Aty) € (0,00)

such that for all At € (0, Ato],

E[ sup |wn|?}§CP(T,AtO).
0<n<Nr At
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Before sketching the proof of Lemma 3.5, we provide a detailed proof of Propo-
sition 3.
Proof of Proposition 3. Let v, = X,, —wy,, for n € {0,..., Np a¢}.
Then rg = g, and (with Sa; = St = eA4 when ' = Texact)
Tn+l1 = Xn+1 — Wnp4+1 = SAt ((pAt<Xn) - Wn)
= SAt (CI)At(Tn + wn) - (I)At(wn)) + SAt((I)At(wn) - Wn)-

exact €Xpo imp

In addition, the linear operator Sa; € {SAt JSAr s Say } satisfies |Sarx|p <

|z|g, for all z € E and all At > 0, as a consequence of the maximum principle
for the Laplace operator. On the one-hand, using Lipschitz continuity of ®a¢, see
Lemma 3.1, then

|SA,5 (Pat(rn +wy) — Par(wn)) |E < ePrlp.
On the other hand, thanks to Lemma 3.3, and the identity ®a(z) — 2 = AtWas(2),
1Sat(Pat(wn) — wn)|, < C(Ato)At(1 + |wnlE)-
The last two estimates prove that
Pat1lE < e fral s + C(Ato) At(L + |wnl ),
and by discrete Gronwall’s Lemma, for all n € {0,..., Ny a¢},

lrnle < C(T, Ato)(l + |zole + sup |wm|4E).
0<m<Nr At

Applying the estimate of Lemma 3.5 then concludes the proof of Lemma 3. O
It remains to give a sketch of proof of Lemma 3.5.

Sketch of proof of Lemma 3.5. When T' = I'®*2* then w,, = W#(nAt), and thus
the result is a straightforward consequence of (1).
When I' = T'*P°_ define
t

Q(t) = etmADA, +/ AW (s), nAt <t < (n+1)At.
nAt

When I' = I''™P_ define

. t
O(t) = wp + (t — nAt)AS Pw, + /

SEPAW (s) , nAt <t < (n+1)At.
nAt

Note that @ is a continuous process, with values in E, and satisfies @(nAt) = wy,.
For all t > 0 and £ € [0, 1], let &(¢, &) = @(t)(&).

We claim that, for all T € (0,00), p € N, Aty € (0,1), and o € (0, %), there
exists Cy,p(T, Atp) such that for all At € (0, Atg],

E|(D(t7£2) - ‘D(ta 51)|2p < C&,p(Tv At())|§2 - £1|4Ozp ) Vite [07T]7 £17£2 € [07 1]7
E|C’D(t27€) - w(t17£)|2p < CaaP(T7 Ato)|t2 - t1|2ap ) v tlatQ S [OaT]a § S [07 1]

The proof of this statement uses only standard arguments (see [13]), it is left to
the reader. Note that @(0) = 0, and @(¢,0) = @(1) = 0 for all ¢ > 0. Then the
application of the Kolmogorov regularity criterion concludes the proof. O
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4. Convergence analysis of the splitting schemes. Our main result, Theo-
rem 4.1, and several consequences, are stated in Section 4.1. Section 4.2 is devoted
to a detailed proof of Theorem 4.1, and the other results are then proved in Sec-
tion 4.3.

4.1. Statements. Our main result is the following.

Theorem 4.1. Let T € (0,00), Aty € (0,1), and o € (0,7). There exists
Co(T, Aty) € (0,00), such that, for every At € (0,Atg], M € N and z9 € E,
with ||[(—A)%xo||g < oo, then

sup || Xn— X(nAt)HfH] < Ko (M, T, Ato) A (1 + |zo|% + || (—A) 20| 7)

T) 0<n<Nr A

with Ko (M, T, Atg) < Co(T, Atg)(1 + M) exp(Co (T, Atg)MO), and

E[lgﬁ”(

Qf30(T) = { sup | Xyl + sup [XAD(1)|p < M}.
0<kAI<T 0<t<T
Moreover, there exists C(T, Aty) such that for every xo € E, At € (0,Aty] and

every M € N T A1
p(i3" (1)) < S AU Irole),

Remark 2. The condition ||(—A)%zo|| g < oo may be relaxed using standard argu-
ments. If one assumes ||(—A) xo||g < oo with 3 € [0,a], a factor of the type t&~#
needs to be introduced. To simplify notation, we only consider the case f = a and
leave the details of the general case to the interested readers.

Let us state three straightforward consequences of Theorem 4.1, presenting other
standard ways to describe the error of the numerical scheme. Proofs are postponed
to Section 4.3.

Corollary 1. The numerical scheme is mean-square convergent. Precisely, for
every T € (0,00), and any initial condition xg € E, with ||(—A)%zo||g < oo, then
E su X, — X(nAY)|%4] — 0.

[ XK= X@ADIE] o
Corollary 2. The numerical scheme converges in probability with order o, for all
a < i. More precisely, for every a € (0, i), K € (0,00), and any initial condition

xo € B, with ||(—A)*xo||g < oo, then

]P’( sup || Xn — X(nA8)||g > KAtO‘) )

0<n<Nr At At=0

Corollary 3. Let T € (0,00), Aty € (0,1), and o € (0,%). For every € € (0,1),
there exists M = M, (e, T, Atg) € (0,00) and C = Cy(e, T, Aty) € (0,00) such that
for any bounded Lipschitz continuous function ¢ : H — R, with ||¢||eo +Lip(p) < 1,
and for every At € (0, Atg] and xg € E, with ||(—A)*zo|lg < oo, then

|]E [QO(X(T))] - ]E[QO(XNT,At)lgg\?t)(T)c:I < e+ CAt™.

This weak convergence result is not expected to be optimal. First, it is based
on the concept of rejecting exploding trajectories: with a more technical analysis,
it may be possible to remove the € error term. Second, as will be confirmed by the
numerical experiments below, the order of convergence o may be replaced with 2«
using the standard weak convergence analysis, for functions ¢ of class C2, bounded
and with bounded derivatives. These improvements will be investigated in future
works.
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4.2. Proof of Theorem 4.1.
4.2.1. Two auxiliary lemmas. We first state two auxiliary results.

Lemma 4.2. Let T € (0,00) and Aty € (0,1). For every a < %, there exists
Co(T, Aty) € (0,00) such that for all At € (0, Ato]

E[ sup [wn — WAnAY|FH] < CalT, Atg) At>™.

0<n< Nt At

Proof of Lemma 4.2. If T' = I'**2°* then w, = W4(nAt), and there is nothing to
prove. When I' = I'®*P° or T'™P_ then

n—1 (k+1)At
Wp = Z/ ngkdw(t)v
o kAt

and, one has the following result, see for instance [57, Theorem 3.2]: for all p € N,
there exists Cp o (T, Aty) such that for all At € (0, Atg],
sup  Ellw, — WANAL)|E, < CpolT, Atg) AteP.
0<n< Nt At

It remains to control the expectation of the supremum. Let o € (0, %), and, set

a=a+ %, with p € N, p > 2, chosen sufficiently large to have & < i. Then

E[ sup fw,— WA0ADL] <E[ D [lwa — WARAL[Y,]

0snsNr ac 0<n<Nr ac
< NpaiCpa(T, Ato) AtOP
< TCpa(T, Atg)At*P~1,
with ap — 1 = pa. Then, since p > 2

[N

(B[ sup w4 man)]|3])

0<n<Nr At

< (]E[ sup  ||wn — WA(nAt)H%]); < O (T, Atg)At°.

0<n< Nt At

This concludes the proof. O

Lemma 4.3. Let T € (0,00) and Aty € (0,1). For every p € N and o < %, there
ezxists Cp o(T) € (0,00), such that for any initial condition xoy with ||(—A)%zol| g <
00, and all At € (0, Aty), then for all t,s € [0,T],

E[| XA (1) = XA ()[%] < Cpua( D)1+ [ (~A) 20 [2) AP

Proof of Lemma 4.3. We give a sketch of proof, and give details only for p = 1.
Let 0 <s<t<T. Then

E||IX39(8) = X0 (s)[3; < O(T) e o — el
+ C(DEWA®) — WAS)|%

+C(T) /t]EII‘I’At(X(A”(T))IQdT‘

o) | s g‘g;mm(xw () 3

First, |let4zg — e*Axo|lg < |t — s|¥|(—A) Y| g
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The inequality E|[WA(t) — WA(s)||% < Cu(T) < |t — s> is a standard temporal
regularity result, see for instance [13][Theorem 7.4].

Finally, it remains to apply Lemma 3.3, and the moment bound from Proposi-
tion 2 to conclude. O

4.2.2. Error between solutions of exact and auziliary equations. The following result
states convergence of the X(®Y) to X when At goes to 0. The order of convergence
is 1, and there is no need for localization.

Proposition 4. Let T € (0,00) and Aty € (0,1). There exists C(T, Atg) € (0,00)
such that for all zg € E and At € (0, Ato],

E| sup X9 () —X<0>(t)||§4 < C(T, Ato) (1 + |zol ) AL,
0<t<T

Proof of Proposition 4. Let RAY(t) = XA (1) — X(©)(t). Then
dRAD(t) = ARG (1)dt + (W ar(XAD (1)) — To(X O (1)) dt,
with R(A(0) = 0. As a consequence,

Ld|[RED@)[* (At) (At) (A () 0) (At)
ST = (AR (1), RAY (1) + (W (X 40 (1) = Wo(X ) (1)), RV (1)
< =M[REV@)P + (W (XA (1) — War(XO (1)), RAD(1))
+ [ Wad(XO (1)) = To(XO@))[|RAD ()]
Using the one-sided Lipschitz condition from Lemma 3.2, and Lemma 3.4, then

L d||[RAY (1) 12 1 1
LAEZOIE < (et 1 Ly RO + 2 (X (1) - wo(XO(0)

2 dt -
< C||R(At) 1% + CAt2(1 + |X(O)(t) }30)
Using Gronwall’s lemma, and Proposition 1 then concludes the proof. O

4.2.3. Proof of Theorem /.1. We are now in position to prove the main result of
this article, Theorem 4.1. Thanks to Proposition 4, it is sufficient to look at the
error X,, — XA (nAt).
Define r,, = X,, — w,. Note that
Xn+1 — Sac X, — AtsAt\I/At(Xn) = Wnt1 — SAtWn,
thus
T+l = SaAtTn + AtSAt\I/At(Xn).
This identity yields (since rqg = Xo = zp)
n—1
Xy —wn =1 = SR,a0 + ALY SR FTA(X).
k=0
We are now in position to make precise the decomposition of the error:

X, — XA (nAt) = (SR, — ") xo + w, — WA (nAL)
n—1 .(k+1)At
+> / [SATFW A (X)) — eMAEDAY A (XA (1))] dt.
o kAt
First, there exists C,, € (0,00), such that for all n € N,
1(SK: — ") zolla < Calht®|[(=A)*zo| -
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In addition, the error term w,, — W4(nAt) is controlled thanks to Lemma 4.2.
It remains to deal with

n—1 . (k+1)At
/ [SATF WA (Xy) — eMATDAP A, (X (AD (1))]dt
o Y kAt

n—1
= ALY SR [Tan(Xk) — Uar (XA (kAL))]
k=0

n—1 .(k+1)At
+> / SATE [0 ac(X A (kAL) — Tal (XA (2))]dt
k

k=0 kAt
n—1 (k+1)At

+> / [SarF — enA=DATg 5 (X AY (1))dt.
o kAt

Since Wa; is not globally Lipschitz continuous uniformly in At € (0,Aty), a
localization argument is introduced.
For M e N, and n € {0,..., Ny A}, let

o ={ sup [Xplp+ sup |[XAD(1)[p < M},
0<k<n 0<t<nAt
Note that for all k € {0,...,n —1}, 0 < 1 @an < 1gmn <1
n,M k,M

Let en = 10 X, — XA (nAt)|2%,. Then

]E[ sup Gm] < C sup H(SgltfemAt)xOH%IJrCE[ sup ||wmeA(mAt)Hm

0<m<n 0<m<n 0<m<n
n—1
+ CTAt I;J ]E[lgﬁtf) 1O AL (XE) — \I/At(X(At) (kAt))||2]
n-1 .(k+1)At
£Or Y [ a2 (ha) - a4 1) P
PN’
n—1 ,(k+1)At )
rorS [ g gt - doa 0w, ey
o kAt
< Ca(T)(1 + (= A) @0 ) At*
n—1
+C(1+ M®TAt Z E[ sup €]
= 0<m<k

+ Co(T) (1 + M)A
+ Co(T) (1 + |z0|%) At>.

We have first used the estimate above and Lemma 4.2. Moreover, if 1,20 € E
satisfy |z1|p < M, |z2|g < M, then

19 ar(22) = War(z)||a < C(Ato)(1+ M?)|lwy — 21| -
Thus
E[1o@ollPar(Xi) = Tar(X A0 (RAY)|]

< C(1+ MOE[1gan | Xp — XA (kAL)|?]
k,M
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< C(14 MOE[ sup €.
0<m<k

Finally, we have used Lemma 4.3, and the standard estimates to control ||Sk;* —
(nAt—t)A
€ -
Applying the discrete Gronwall’s Lemma,

E[ sup €] < Ko(T, M)A (1 + |wo|fs + [|(—=A) o1 F),
0<m<n

with Ko (T, M) < Co(T)(1 + M%) exp(Co(T)MOT).
To conclude, note that QY M= Qg\?t) (T), and that

Nr,at,
E[1,a0 sup || X, — XA A4 <E[ sup e
N1, a0 M 0<n<NT At 0<n<Nr,at

In addition,

IE[ sup | Xk|lg + sup |X(At)(t)|E]
0<t<T

0<k<Nr,a¢ < C(T, Ato)(1 + |zo|E)

M - M ’

1_P(Q§VATt,)At,M) <

thanks to Propositions 2 and 3.
These estimates, combined with Proposition 4, conclude the proof of Theo-
rem 4.1.

4.3. Proof of the Corollaries.

Proof of Corollary 1. Let M be an arbitrary integer. Then, for all At € (0, At],

E[ sup | X, — X(nAt)|%]
0<n< Nt At

= E[l sup 1 X, — X(nAt)H%I]

)
D D) 0<n<Nr

+E|1 a,m. SU X, — XA (nA)]|2
[ Q{29 (1) ognglgr,m | ( )I]
< Co(M, T, Atg, 2) At*
A c 3 1
+ P (1)) (B _sup [ Xallly + X (nA8)5))

SNSINT At
Co (T, Aty, x)
vM
thanks to Theorem 4.1, Cauchy-Schwarz inequality, and Propositions 1 and 3. Thus,
letting first At — 0, then M — oo, yields

< Co(M, T, Atg, ) At** +

Co (T, At
lmspE[ sup X, — X(nan)3] < Ll oy
At—0 0<n<Np A VM M—ro0
which concludes the proof of Corollary 1. O

Proof of Corollary 2. Let K € (0,00) be an arbitrary positive real number, and
M € N be an arbitrary integer. Let & € (o, 3). Then

IP’( sup || Xn — X (nAY)||g > KAta) < P<Qg\?t)(T)C)

0<n<Nrt At
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+ IP’({ sup || X, — X(nAt)||g > KAt"‘} N QS@”(T))

0<n< Nt At

< CQ(T, Ato,l’) 1

_ 2
S = geagaElagoa s X = X(nA0]E]
Co(T, Atg,z) 1 2(a—a

§ T + ﬁK&(M’ T, Ato)At ( ),

thanks to Theorem 4.1. Thus, letting first At — 0, then M — oo, yields
C, (T, Aty,
lim sup ]P’( sup || Xpn — X(nAt)||g > KAta) < M 0,
At—0 0<n<Nrp At M M—s00

which concludes the proof of Corollary 2. O

Proof of Corollary 3. Let € € (0,1), and M € N be such that, for all At € (0, Aty],

P(Qg\?t)(T)c) < C(T, Ato)]w(l + |.130|E) <e

Then
[E[p(X(T)] ~ E[o(Xny s gm0 ]| < [E(RXT)) ~ o(Xnp 1)) Lgan ]|
+E [@(X(T))lgﬁomc}
< E[HX(T) = XNroa Hlngﬁ”(T)] +e
< Co(T, Atg, 2) ALY + ¢,

thanks to the assumption that ¢ is bounded and Lipschitz continuous, with ||¢||e +
Lip(¢) < 1, and to Theorem 4.1. This concludes the proof of Corollary 3. O

5. Numerical experiments. This section is devoted to numerical simulations, in
order to investigate the properties of the numerical scheme (4), with the choice
I' = I''™P of the linear implicit Euler scheme:

{Yn = Dpi(X,),

Xn+1 = SAtYn + SAt (W((n —+ 1)At) — W(nAt)), (7)

with Sa; = (I — AtA)~1. All simulations are performed with this choice of integra-
tor. Indeed, we expect that there is no gain in the orders of convergence when using
the version I' = I'**P_ with Sa;, = e2*4. In addition, computing such exponential
operators may be expensive in more complex situations, for instance where eigen-
values and eigenfunctions of A are not explicitly known, or in higher dimensional
domains. It is thus natural to restrict our simulations to the linear implicit Euler
scheme.

Spatial discretization is performed using a standard finite differences scheme,
with a fixed mesh size. The dependence of the error with respect to this spatial
discretization parameter is not studied in this article: we only focus on the temporal
discretization error.

Variants of the scheme (7) are introduced below, in Section 5.1. They are based
on other splitting strategies. The numerical simulations allow us to compare the
orders of convergence of these methods.

First, in Section 5.2, strong orders of convergence of the schemes are compared.
We observe that in practice the result of Theorem 4.1 holds true without requiring
the introduction of the set Qg\?t)(TL and that all the methods are expected to have
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the same order of convergence, equal to 1/4. We conjecture that the strong order
of convergence of the scheme (7) is equal to 1/4.

Second, in Section 5.3, weak orders of convergence of the schemes are compared.
Note that the rejection of exploding trajectories, as suggested by Corollary 3, is not
performed: we may take e = 0. Moreover, the test function is of class C2, bounded
and with bounded derivatives. In addition, one of the alternative splitting schemes
defined below has a lower weak error. Based on these numerical simulations, we
conjecture that the weak order of convergence is then equal to 1/2 for the scheme (7).
This question will be studied in future works.

We also plan to study generalizations in higher dimension.

5.1. Variants of the numerical scheme (7). We define three numerical schemes,
for each value of the time-step size At > 0. We recall that Sa; = (I — AtA)~!, and
use the notation AW,, = W((n + 1)At) — W(nAt) for Wiener increments.

Method 1, given by the scheme (8), is the scheme studied above, (4), with the
linear implicit Euler integrator. The definition of Method 2, given by the scheme (9),
is motivated by [49]. Finally, the definition of Method 3 is motivated by [8]. We have
checked that the three variants give consistent results. In addition, the observations
are stable with respect to the choice of the mesh size.

Method 1.
Y;z1 = (DAt(Xrlz)7 (8)
X}H—l - SAtYnl + SAtAWn,

Method 2.
Y21 =S4 X2
V2?2 = oa(V2h) 9)
X2, = Sa (V22 4+ AW,),

Method 3.

V32 = ®a(V3) (10)
Xp1=Sa: (V22 + 5AW,).

n

Remark 3. Using different splitting strategies yields other numerical schemes. For
instance, we may have considered the scheme defined by

Ynl = (I)%(Xn)
V2= Sa(Y,E 4+ AW,)
Xnt+1 = CI)%(YnQ)‘

Numerical experiments for this scheme are not reported, since they do not differ
from Method 1.

Remark 4. It is observed in numerical experiments below that the costs of Meth-
ods 2 and 3 are of the same order, and they are twice the cost of Method 1. This
behavior is not surprising since, at each iteration, one linear system (with Sa;) is
solved in Method 1, and two linear systems are solved in Methods 2 and 3.
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FIGURE 1. Mean square error order for T'= 1, Az = 2.5 10~* and
10° independent realizations.

5.2. Strong convergence. In order to study the strong order of convergence, one
needs to compare trajectories computed using the same Wiener path, which con-
straints the construction of the associated Wiener increments. It is customary to
compare the numerical solution computed with time-step size At, with a reference
solution computed using a much smaller time-step size. Instead, we estimate the
mean-square error

At Aty
E|X{Y - X5 |2

where X](VAt) is the numerical scheme, with time-step size At, and NAt = T. The
solutions are computed using the same Wiener path for one value of At, and using
independent Wiener paths when changing At. One needs to check that this error
is bounded from above by C,(T)At?**: by a telescoping sum argument, since by
Corollary 2 the scheme is mean-square convergent, this property is equivalent to a
standard error estimate

E|IX$ — X (T)|? < CL(T) At

In addition, note that the order of convergence of the error IE||X1(VN) — Xéj%) |? is
exactly what matters in the analysis of Multilevel Monte Carlo algorithms, which
are used in the context of weak convergence — see Section 5.3 below.

The simulations are performed with 7' = 1, a mesh size Az = 2.5 10~%, and
computing Monte-Carlo averages over 10° independent realizations. The numerical
results, in logarithmic scale, are reported in Figure 1. We observe that the mean-
square error converges with order 2« = 1/2, for the three methods.
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5.3. Weak convergence. Weak orders of convergence deal with the behavior of
the error

E e (x§)] —Efp(x(1))]

where ¢ : H — R is a test function, with appropriate regularity properties. Pre-
cisely, in the numerical experiments below, the test function is given by

o(z) = exp(—5|z[%)

which is of class C2, bounded and with bounded derivatives. Our aim is to check
that the weak order of convergence is equal to 2ac = 1/2, where o = 1/4 is the
strong order.

Experiments to identify weak rates of convergence are plagued by statistical
error, and thus we need to use a variance reduction strategy. Instead of directly
comparing E [@(X ](VAt))] with a reference value, estimated by an independent Monte
Carlo experiment with much smaller time step, we use a form of Multilevel Monte
Carlo method. Precisely, we estimate (by a standard Monte Carlo average) the

error
At
Bl (1309)] ~E e (x27)]

using the same Wiener paths (as explained in Section 5.2), but different time-step
sizes, respectively At and %. Between two successive levels, the time-step size At
is decreased, and computations at different levels use independent Wiener paths.
Contrary to the standard Multilevel Monte Carlo strategy, the number of realiza-
tions per level is not optimized (it is the same at each level): still the computational
cost is significantly reduced (thanks to the strong convergence property checked in
Section 5.2), and the observation of the weak orders of convergence is improved a
lot.

At
The comparison of E {go (XJ(VM)H with a reference value E {go (X sz”)} esti-

mated with a smaller time step é\‘—}f is performed using a straightforward telescoping
sum procedure.

The simulations are performed with 7 = 1, Az = 2.5 10~%, and with 10° indepen-
dent Monte Carlo realizations at each level. The numerical results, in logarithmic
scale, are reported in Figure 2. We observe that the weak error converges with order
2a = 1/2 for three methods, and that Method 3 seems more efficient.

Appendix A. Proof of auxiliary results. Let Aty € (0,1), and At € (0,1).
Note that the properties are straightforward when At = 0: then ®y(z) = z and
Uo(2) =2 — 25

Recall (see (3) and (5)) that, for all At > 0 and z € R,

z z

(PAt(Z) = \/22 + (1 _ Z2)e—2At = \/e—QAt + (1 _ e—QAt)Z2

s ‘I’At(z) =

Proof of Lemma 3.1. The mapping ®a; is of class C', and for all z € R,

d 672At

—d = € |0,
dz at(2) (e_QAt—f—(l—e_QAt)ZZ)S/Q [0,e

The conclusion is straightforward. O

At].
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FIGURE 2. Weak error order for T = 1, Az = 2.5 10~* and 10°

independent realizations.

Proof of Lemma 3.2. We claim that, for all z € R,
d\IjAt (Z)

o < At
dz =¢
To get this estimate, first compute
dz  dz\At"[e-280 1 (1 — ¢ 25%);2
1 672At

At [672At +(1- 672At)zz]3/2

1
= 5 (F=(80) = £(0)),

where, for all t > 0 and z € R,

e—2t

[z2 +(1- zQ)e*Qt]B/z.

Then, for fixed z € R, and all t > 0, compute

f=(1)

f;(t) = fz(t) (_2 + 223J(r1(1z is)_ezt
B 322f.(t)
- fZ(t) - 22 T (1 _ Z2)6—2t

< fa(1).

_ 1))

_1)

)

0
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Thanks to Gronwall’s Lemma, and f,(0) = 1, one gets for all ¢ > 0, and fixed z € R,
FL0) < 1(1) < e
Then, for all z € R,

AWsilz) _ [(AD) — £(0) _

dz At -

which concludes the proof of the claim. Concluding the proof of Lemma 3.2 is then
straightforward. O

Proof of Lemma 3.53. Following the computations from the proof of Lemma 3.2
above, for all z € R,

‘ d¥a(z)

S| L (80) — £(0)] < 8621+ [2P2)

Indeed, for fixed z € R, and ¢ > 0, using that f,(¢) € [0, €],

3|22 f2(t)

e—2t + (]_ _ 672t)|2’|2

< el + 3|22

FAGIESAGE:

This concludes the proof of the first estimate. The second estimate is straightfor-
ward, since Wa;(0) = 0. O

Proof of Lemma 3.4. Let z € R be fixed. Note that
z
Uat(z) — Wo(z) = E(Qz(At) —9:(0) — Atg.(0))

with gz(t) = W, and g;(O) =1- 2'2.

The derivatives of g, satisfy, for all ¢ > 0,

2

g.(t) = gz(t)(l T2t Z_ 22)6—2t>

52 22(1— 22)e 2 }

920 =9:0 (1= o z2)e—2t)2 R EEa

Note that 22 + (1 — 22)e™? = e72 + (1 — e 2)22 > e72t > 7 28%  when
0 <t < At < Atg. Then it is straightforward to check that for all ¢ € [0, At]

-0 20, gL ()] < A (14 e2A0122) | [gl(8)] < 26 (14 €220|[?)”,

Thus |g/(t)] < C(Ato)(1 + |z|*), and applying Taylor’s formula then concludes the
proof. O

Acknowledgments. The authors would like to thank the anonymous referees for
their helpful comments and suggestions. Numerical experiments were performed
using HPC resources from the “Mésocentre” computing center of CentraleSupélec
and Ecole Normale Supérieure Paris-Saclay supported by CNRS and Région Ile-de-
France (http://mesocentre.centralesupelec.fr/).


http://mesocentre.centralesupelec.fr/

20

(1
2]
(3]

(4]

[5]

7]

(8]

[9]
(10]
(11]

(12]

(13]

(14]
15]
[16]
(17]
18]
(19]
20]
21]
(22]
23]

24]

CHARLES-EDOUARD BREHIER AND LUDOVIC GOUDENEGE

REFERENCES

S. Allen and J. Cahn, A macroscopic theory for antiphase boundary motion and its application
to antiphase domain coarsening, Acta Metal. Mater., 27 (1979), 1085-1095.

R. Anton, D. Cohen and L. Quer-Sardanyons, A fully discrete approximation of the one-
dimensional stochastic heat equation, to appear, IMA J. Numer. Anal., 36 (2016), 400-420.
S. Becker, B. Gess, A. Jentzen and P. E. Kloeden, Strong convergence rates for ex-
plicit space-time discrete numerical approximations of stochastic Allen-Cahn equations,
arXiv:1711.02423, 2017.

S. Becker and A. Jentzen, Strong convergence rates for nonlinearity-truncated Euler-type
approximations of stochastic Ginzburg-Landau equations, Stochastic Processes and their Ap-
plications, 129 (2019), 28-69, arXiv:1601.05756.

H. Bessaih, Z. Brzezniak and A. Millet, Splitting up method for the 2D stochastic Navier-
Stokes equations, Stoch. Partial Differ. Equ. Anal. Comput., 2 (2014), 433-470.

H. Bessaih and A. Millet, On strong L2 convergence of numerical schemes for the stochastic
2d Navier-Stokes equations, arXiv:1801.03548, 2018.

C.-E. Bréhier and A. Debussche, Kolmogorov equations and weak order analysis for SPDEs
with nonlinear diffusion coefficient, Journal de Mathématiques Pures et Appliquées, 129
(2018), 193-254.

C.-E. Bréhier, M. Gazeau, L. Goudenege, and M. Rousset, Analysis and simulation of rare
events for SPDEs, In CEMRACS 2013—Modelling and Simulation of Complex Systems:
Stochastic and Deterministic Approaches, volume 48 of ESAIM Proc. Surveys, pages 364—
384. EDP Sci., Les Ulis, 2015.

S. Cerrai, Second Order PDE’s in Finite and Infinite Dimension, volume 1762 of Lecture
Notes in Mathematics, Springer-Verlag, Berlin, 2001. A probabilistic approach.

X. Chen, D. Hilhorst and E. Logak, Asymptotic behavior of solutions of an Allen-Cahn
equation with a nonlocal term, Nonlinear Anal., 28 (1997), 1283-1298.

Y. G. Chen, Y. Giga and S. Goto, Uniqueness and existence of viscosity solutions of generalized
mean curvature flow equations, J. Differential Geom., 33 (1991), 749-786.

D. Conus, A. Jentzen and R. Kurniawan, Weak convergence rates of spectral Galerkin ap-
proximations for SPDEs with nonlinear diffusion coefficients, Ann. Appl. Probab., 29 (2019),
653-716, arXiv:1408.1108.

G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, volume 152 of
Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge,
second edition, 2014.

A. M. Davie and J. G. Gaines, Convergence of numerical schemes for the solution of parabolic
stochastic partial differential equations, Math. Comp., 70 (2001), 121-134.

A. Debussche, Weak approximation of stochastic partial differential equations: The nonlinear
case, Math. Comp., 80 (2011), 89-117.

L. C. Evans, H. M. Soner and P. E. Souganidis, Phase transitions and generalized motion by
mean curvature, Comm. Pure Appl. Math., 45 (1992), 1097-1123.

L. C. Evans and J. Spruck, Motion of level sets by mean curvature. I, J. Differential Geom.,
33 (1991), 635-681.

L. C. Evans and J. Spruck, Motion of level sets by mean curvature. II, Trans. Amer. Math.
Soc., 330 (1992), 321-332.

W. G. Faris and G. Jona-Lasinio, Large fluctuations for a nonlinear heat equation with noise,
J. Phys. A, 15 (1982), 3025-3055.

T. Funaki, The scaling limit for a stochastic PDE and the separation of phases, Probab.
Theory Related Fields, 102 (1995), 221-288.

T. Funaki, Singular limit for stochastic reaction-diffusion equation and generation of random
interfaces, Acta Math. Sin. (Engl. Ser.), 15 (1999), 407-438.

I. Gyongy, Lattice approximations for stochastic quasi-linear parabolic partial differential
equations driven by space-time white noise. I, Potential Anal., 9 (1998), 1-25.

I. Gyongy, Lattice approximations for stochastic quasi-linear parabolic partial differential
equations driven by space-time white noise. II, Potential Anal., 11 (1999), 1-37.

I. Gyoéngy and N. Krylov, On the rate of convergence of splitting-up approximations for
SPDEs, In Stochastic Inequalities and Applications, volume 56 of Progr. Probab., pages 301—
321. Birkh&user, Basel, 2003.


http://dx.doi.org/10.1093/imanum/dry060
http://dx.doi.org/10.1093/imanum/dry060
http://arxiv.org/pdf/1711.02423
http://dx.doi.org/10.1016/j.spa.2018.02.008
http://dx.doi.org/10.1016/j.spa.2018.02.008
http://arxiv.org/pdf/1601.05756
http://www.ams.org/mathscinet-getitem?mr=MR3274888&return=pdf
http://dx.doi.org/10.1007/s40072-014-0041-7
http://dx.doi.org/10.1007/s40072-014-0041-7
http://arxiv.org/pdf/1801.03548
http://www.ams.org/mathscinet-getitem?mr=MR3862147&return=pdf
http://dx.doi.org/10.1016/j.matpur.2018.08.010
http://www.ams.org/mathscinet-getitem?mr=MR3415402&return=pdf
http://dx.doi.org/10.1051/proc/201448017
http://dx.doi.org/10.1051/proc/201448017
http://www.ams.org/mathscinet-getitem?mr=MR1840644&return=pdf
http://dx.doi.org/10.1007/b80743
http://www.ams.org/mathscinet-getitem?mr=MR1422816&return=pdf
http://dx.doi.org/10.1016/S0362-546X(97)82875-1
http://dx.doi.org/10.1016/S0362-546X(97)82875-1
http://www.ams.org/mathscinet-getitem?mr=MR1100211&return=pdf
http://dx.doi.org/10.4310/jdg/1214446564
http://dx.doi.org/10.4310/jdg/1214446564
http://dx.doi.org/10.1214/17-AAP1352
http://dx.doi.org/10.1214/17-AAP1352
http://arxiv.org/pdf/1408.1108
http://www.ams.org/mathscinet-getitem?mr=MR3236753&return=pdf
http://dx.doi.org/10.1017/CBO9781107295513
http://www.ams.org/mathscinet-getitem?mr=MR1803132&return=pdf
http://dx.doi.org/10.1090/S0025-5718-00-01224-2
http://dx.doi.org/10.1090/S0025-5718-00-01224-2
http://www.ams.org/mathscinet-getitem?mr=MR2728973&return=pdf
http://dx.doi.org/10.1090/S0025-5718-2010-02395-6
http://dx.doi.org/10.1090/S0025-5718-2010-02395-6
http://www.ams.org/mathscinet-getitem?mr=MR1177477&return=pdf
http://dx.doi.org/10.1002/cpa.3160450903
http://dx.doi.org/10.1002/cpa.3160450903
http://www.ams.org/mathscinet-getitem?mr=MR1100206&return=pdf
http://dx.doi.org/10.4310/jdg/1214446559
http://www.ams.org/mathscinet-getitem?mr=MR1068927&return=pdf
http://dx.doi.org/10.1090/S0002-9947-1992-1068927-8
http://www.ams.org/mathscinet-getitem?mr=MR684578&return=pdf
http://dx.doi.org/10.1088/0305-4470/15/10/011
http://www.ams.org/mathscinet-getitem?mr=MR1337253&return=pdf
http://dx.doi.org/10.1007/BF01213390
http://www.ams.org/mathscinet-getitem?mr=MR1736690&return=pdf
http://dx.doi.org/10.1007/BF02650735
http://dx.doi.org/10.1007/BF02650735
http://www.ams.org/mathscinet-getitem?mr=MR1644183&return=pdf
http://dx.doi.org/10.1023/A:1008615012377
http://dx.doi.org/10.1023/A:1008615012377
http://www.ams.org/mathscinet-getitem?mr=MR1699161&return=pdf
http://dx.doi.org/10.1023/A:1008699504438
http://dx.doi.org/10.1023/A:1008699504438
http://www.ams.org/mathscinet-getitem?mr=MR2073438&return=pdf

[25]
[26]

27)

(28]
29]
(30]
(31]

(32]

33]

(34]

(35]
(36]

37]

(38]

(39]

[40]

[41]

42]

(43]
[44]
[45]

[46]

(47]

SPLITTING SCHEMES FOR STOCHASTIC ALLEN-CAHN 21

I. Gyongy and N. Krylov, On the splitting-up method and stochastic partial differential
equations, Ann. Probab., 31 (2003), 564-591.

I. Gyongy and A. Millet, On discretization schemes for stochastic evolution equations, Po-
tential Anal., 23 (2005), 99-134.

I. Gyéngy and A. Millet, Rate of convergence of implicit approximations for stochastic evo-
lution equations, In Stochastic Differential Equations: Theory and Applications, volume 2 of
Interdiscip. Math. Sci., pages 281-310. World Sci. Publ., Hackensack, NJ, 2007.

I. Gyongy and D. Nualart, Implicit scheme for quasi-linear parabolic partial differential equa-
tions perturbed by space-time white noise, Stochastic Process. Appl., 58 (1995), 57-72.

I. Gyongy and D. Nualart, Implicit scheme for stochastic parabolic partial differential equa-
tions driven by space-time white noise, Potential Anal., 7 (1997), 725-757.

I. Gyéngy, S. Sabanis and D. Siska, Convergence of tamed Euler schemes for a class of
stochastic evolution equations, Stoch. Partial Differ. Equ. Anal. Comput., 4 (2016), 225-245.
D. J. Higham, X. Mao and A. M. Stuart, Strong convergence of Euler-type methods for
nonlinear stochastic differential equations, SIAM J. Numer. Anal., 40 (2002), 1041-1063.
M. Hutzenthaler and A. Jentzen, Numerical approximations of stochastic differential equations
with non-globally Lipschitz continuous coefficients, Mem. Amer. Math. Soc., 236 (2015),
v+99pp.

M. Hutzenthaler, A. Jentzen and P. E. Kloeden, Strong convergence of an explicit numerical
method for SDEs with nonglobally Lipschitz continuous coefficients, Ann. Appl. Probab., 22
(2012), 1611-1641.

M. Hutzenthaler, A. Jentzen and D. Salimova, Strong convergence of full-discrete nonlinearity-
truncated accelerated exponential Euler-type approximations for stochastic Kuramoto-
Sivashinsky equations, arXiv:1604.02053, 2016.

A. Jentzen, Higher order pathwise numerical approximations of SPDEs with additive noise,
SIAM J. Numer. Anal., 49 (2011), 642-667.

A. Jentzen, P. Kloeden and G. Winkel, Efficient simulation of nonlinear parabolic SPDEs
with additive noise, Ann. Appl. Probab., 21 (2011), 908-950.

A. Jentzen and P. E. Kloeden, Overcoming the order barrier in the numerical approximation
of stochastic partial differential equations with additive space-time noise, Proc. R. Soc. Lond.
Ser. A Math. Phys. Eng. Sci., 465 (2009), 649-667.

A. Jentzen and P. E. Kloeden, Taylor Approximations for Stochastic Partial Differential
Equations, volume 83 of CBMS-NSF Regional Conference Series in Applied Mathematics,
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2011.

A. Jentzen and R. Kurniawan, Weak convergence rates for Euler-type approximations of semi-
linear stochastic evolution equations with nonlinear diffusion coefficients, arXiv:1501.03539,
2015.

A. Jentzen and P. Pusnik, Strong convergence rates for an explicit numerical approximation
method for stochastic evolution equations with non-globally Lipschitz continuous nonlineari-
ties, arXiv:1504.03523, 2015.

A. Jentzen and P. Pusnik, Exponential moments for numerical approximations of stochastic
partial differential equations, Stochastics and Partial Differential Equations: Analysis and
Computations, 6 (2018), 565617, arXiv:1609.07031, 2016.

A. Jentzen, D. Salimova and T. Welti, Strong convergence for explicit space-time discrete
numerical approximation methods for stochastic Burgers equations, Journal of Mathematical
Analysis and Applications, 469 (2019), 661-704, arXiv:1710.07123, 2017.

D. Jeong, S. Lee, D. Lee, J. Shin and J. Kim, Comparison study of numerical methods for
solving the Allen—Cahn equation, Computational Materials Science, 111 (2016), 131-136.
M. A. Katsoulakis, G. T. Kossioris and O. Lakkis, Noise regularization and computations for
the 1-dimensional stochastic Allen-Cahn problem, Interfaces Free Bound., 9 (2007), 1-30.

P. E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations, vol-
ume 23 of Applications of Mathematics (New York), Springer-Verlag, Berlin, 1992.

P. E. Kloeden and S. Shott, Linear-implicit strong schemes for It6-Galerkin approximations of
stochastic PDEs, J. Appl. Math. Stochastic Anal., 14 (2001), 47-53. Special issue: Advances
in applied stochastics.

R. Kohn, F. Otto, M. G. Reznikoff and E. Vanden-Eijnden, Action minimization and sharp-
interface limits for the stochastic Allen-Cahn equation, Comm. Pure Appl. Math., 60 (2007),
393-438.


http://www.ams.org/mathscinet-getitem?mr=MR1964941&return=pdf
http://dx.doi.org/10.1214/aop/1048516528
http://dx.doi.org/10.1214/aop/1048516528
http://www.ams.org/mathscinet-getitem?mr=MR2139212&return=pdf
http://dx.doi.org/10.1007/s11118-004-5393-6
http://www.ams.org/mathscinet-getitem?mr=MR2393581&return=pdf
http://dx.doi.org/10.1142/9789812770639_0011
http://dx.doi.org/10.1142/9789812770639_0011
http://www.ams.org/mathscinet-getitem?mr=MR1341554&return=pdf
http://dx.doi.org/10.1016/0304-4149(95)00010-5
http://dx.doi.org/10.1016/0304-4149(95)00010-5
http://www.ams.org/mathscinet-getitem?mr=MR1480861&return=pdf
http://dx.doi.org/10.1023/A:1017998901460
http://dx.doi.org/10.1023/A:1017998901460
http://www.ams.org/mathscinet-getitem?mr=MR3498982&return=pdf
http://dx.doi.org/10.1007/s40072-015-0057-7
http://dx.doi.org/10.1007/s40072-015-0057-7
http://www.ams.org/mathscinet-getitem?mr=MR1949404&return=pdf
http://dx.doi.org/10.1137/S0036142901389530
http://dx.doi.org/10.1137/S0036142901389530
http://www.ams.org/mathscinet-getitem?mr=MR3364862&return=pdf
http://dx.doi.org/10.1090/memo/1112
http://dx.doi.org/10.1090/memo/1112
http://www.ams.org/mathscinet-getitem?mr=MR2985171&return=pdf
http://dx.doi.org/10.1214/11-AAP803
http://dx.doi.org/10.1214/11-AAP803
http://arxiv.org/pdf/1604.02053
http://www.ams.org/mathscinet-getitem?mr=MR2792389&return=pdf
http://dx.doi.org/10.1137/080740714
http://www.ams.org/mathscinet-getitem?mr=MR2830608&return=pdf
http://dx.doi.org/10.1214/10-AAP711
http://dx.doi.org/10.1214/10-AAP711
http://www.ams.org/mathscinet-getitem?mr=MR2471778&return=pdf
http://dx.doi.org/10.1098/rspa.2008.0325
http://dx.doi.org/10.1098/rspa.2008.0325
http://www.ams.org/mathscinet-getitem?mr=MR2856611&return=pdf
http://dx.doi.org/10.1137/1.9781611972016
http://dx.doi.org/10.1137/1.9781611972016
http://arxiv.org/pdf/1501.03539
http://arxiv.org/pdf/1504.03523
http://dx.doi.org/10.1007/s40072-018-0116-y
http://dx.doi.org/10.1007/s40072-018-0116-y
http://arxiv.org/pdf/1609.07031
http://dx.doi.org/10.1016/j.jmaa.2018.09.032
http://dx.doi.org/10.1016/j.jmaa.2018.09.032
http://arxiv.org/pdf/1710.07123
http://dx.doi.org/10.1016/j.commatsci.2015.09.005
http://dx.doi.org/10.1016/j.commatsci.2015.09.005
http://www.ams.org/mathscinet-getitem?mr=MR2317297&return=pdf
http://dx.doi.org/10.4171/IFB/154
http://dx.doi.org/10.4171/IFB/154
http://www.ams.org/mathscinet-getitem?mr=MR1214374&return=pdf
http://dx.doi.org/10.1007/978-3-662-12616-5
http://www.ams.org/mathscinet-getitem?mr=MR1825100&return=pdf
http://dx.doi.org/10.1155/S1048953301000053
http://dx.doi.org/10.1155/S1048953301000053
http://www.ams.org/mathscinet-getitem?mr=MR2284215&return=pdf
http://dx.doi.org/10.1002/cpa.20144
http://dx.doi.org/10.1002/cpa.20144

22

CHARLES-EDOUARD BREHIER AND LUDOVIC GOUDENEGE

[48] M. Kovécs, S. Larsson and F. Lindgren, On the backward Euler approximation of the sto-

chastic Allen-Cahn equation, J. Appl. Probab., 52 (2015), 323-338.

[49] M. Kovécs, S. Larsson and F. Lindgren, On the discretisation in time of the stochastic Allen-

Cahn equation, Math. Nachr., 291 (2018), 966-995.

[50] R. Kruse, Strong and Weak Approzimation of Semilinear Stochastic Evolution Equations,

volume 2093 of Lecture Notes in Mathematics, Springer, Cham, 2014.

[51] H. G. Lee and J.-Y. Lee, A second order operator splitting method for Allen—Cahn type

equations with nonlinear source terms, Physica A: Statistical Mechanics and its Applications,
432 (2015), 24-34.

[62] Z. Liu and Z. Qiao, Wong-Zakai approximations of stochastic Allen-Cahn equation,

arXiv:1710.09539, 2017.

[53] G. J. Lord, C. E. Powell and T. Shardlow, An Introduction to Computational Stochastic

PDEs, Cambridge Texts in Applied Mathematics. Cambridge University Press, New York,
2014.

[54] G. J. Lord and A. Tambue, Stochastic exponential integrators for the finite element dis-

cretization of SPDEs for multiplicative and additive noise, IMA J. Numer. Anal., 33 (2013),
515-543.

[55] G. N. Milstein, Numerical Integration of Stochastic Differential Equations, volume 313 of

Mathematics and its Applications, Kluwer Academic Publishers Group, Dordrecht, 1995.
Translated and revised from the 1988 Russian original.

[56] G. N. Milstein and M. V. Tretyakov, Numerical integration of stochastic differential equations

with nonglobally Lipschitz coefficients, STAM J. Numer. Anal., 43 (2005), 1139-1154.

[57] J. Printems, On the discretization in time of parabolic stochastic partial differential equations,

M2AN Math. Model. Numer. Anal., 35 (2001), 1055-1078.

(58] J. Rolland, F. Bouchet and E. Simonnet, Computing transition rates for the 1-d stochastic

Ginzburg-Landau—Allen—-Cahn equation for finite-amplitude noise with a rare event algo-
rithm, Journal of Statistical Physics, 162 (2016), 277-311.

[59] E. Vanden-Eijnden and J. Weare, Rare event simulation of small noise diffusions, Comm.

Pure Appl. Math., 65 (2012), 1770-1803.

[60] X. Wang, Strong convergence rates of the linear implicit Euler method for the finite element

discretization of SPDEs with additive noise, IMA J. Numer. Anal., 37 (2017), 965-984.

[61] X. Wang, An efficient explicit full discrete scheme for strong approximation of stochastic

allen-cahn equation, arXiv:1802.09413, 2018.

[62] H. Weber, On the short time asymptotic of the stochastic Allen-Cahn equation, Ann. Inst.

Henri Poincaré Probab. Stat., 46 (2010), 965-975.

Received January 2018; revised October 2018.

E-mail address: brehier@math.univ-1lyonl.fr
E-mail address: goudenege@math.cnrs.fr


http://www.ams.org/mathscinet-getitem?mr=MR3372078&return=pdf
http://dx.doi.org/10.1239/jap/1437658601
http://dx.doi.org/10.1239/jap/1437658601
http://www.ams.org/mathscinet-getitem?mr=MR3795566&return=pdf
http://dx.doi.org/10.1002/mana.201600283
http://dx.doi.org/10.1002/mana.201600283
http://www.ams.org/mathscinet-getitem?mr=MR3154916&return=pdf
http://dx.doi.org/10.1007/978-3-319-02231-4
http://www.ams.org/mathscinet-getitem?mr=MR3339593&return=pdf
http://dx.doi.org/10.1016/j.physa.2015.03.012
http://dx.doi.org/10.1016/j.physa.2015.03.012
http://arxiv.org/pdf/1710.09539
http://www.ams.org/mathscinet-getitem?mr=MR3308418&return=pdf
http://dx.doi.org/10.1017/CBO9781139017329
http://dx.doi.org/10.1017/CBO9781139017329
http://www.ams.org/mathscinet-getitem?mr=MR3047942&return=pdf
http://dx.doi.org/10.1093/imanum/drr059
http://dx.doi.org/10.1093/imanum/drr059
http://www.ams.org/mathscinet-getitem?mr=MR1335454&return=pdf
http://dx.doi.org/10.1007/978-94-015-8455-5
http://www.ams.org/mathscinet-getitem?mr=MR2177799&return=pdf
http://dx.doi.org/10.1137/040612026
http://dx.doi.org/10.1137/040612026
http://www.ams.org/mathscinet-getitem?mr=MR1873517&return=pdf
http://dx.doi.org/10.1051/m2an:2001148
http://www.ams.org/mathscinet-getitem?mr=MR3441361&return=pdf
http://dx.doi.org/10.1007/s10955-015-1417-4
http://dx.doi.org/10.1007/s10955-015-1417-4
http://dx.doi.org/10.1007/s10955-015-1417-4
http://www.ams.org/mathscinet-getitem?mr=MR2982641&return=pdf
http://dx.doi.org/10.1002/cpa.21428
http://www.ams.org/mathscinet-getitem?mr=MR3649432&return=pdf
http://dx.doi.org/10.1093/imanum/drw016
http://dx.doi.org/10.1093/imanum/drw016
http://arxiv.org/pdf/1802.09413
http://www.ams.org/mathscinet-getitem?mr=MR2744880&return=pdf
http://dx.doi.org/10.1214/09-AIHP333
mailto:brehier@math.univ-lyon1.fr
mailto:goudenege@math.cnrs.fr

	1. Introduction
	2. Setting
	2.1. Assumptions
	2.2. Allen-Cahn equation

	3. Numerical schemes
	3.1. Splitting schemes
	3.2. Auxiliary SPDE
	3.3. Results concerning the auxiliary coefficients t and t
	3.4. Moment bounds

	4. Convergence analysis of the splitting schemes
	4.1. Statements
	4.2. Proof of Theorem 4.1
	4.3. Proof of the Corollaries

	5. Numerical experiments
	5.1. Variants of the numerical scheme (7)
	5.2. Strong convergence
	5.3. Weak convergence

	Appendix A. Proof of auxiliary results
	Acknowledgments
	REFERENCES

